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ABSTRACT
This paper discusses various aspects of smoothing teadmiqu
maximum entropy language modeling, a topic not sufficiecdly-
ered by previous publications. We show (1) that straightéod

with the A—dependent auxiliary functio);(A) and the A—
independent feature counds. There is no closed solution to the
set of constraint equations. We train them with the Gereadli
Iterative Scaling (GIS) algorithm [3] implemented as désem in

maximum entropy models with nested features, e.g. tri-, bi— [10] with the addition of Ristad's speedup technique [11].
and unigrams, result in unsmoothed relative frequenciedetsp In this paper the baseline maximum entropy model uses the
(2) that maximum entropy models with nested features and dis nested trigram, bigram, and unigram features withw) =

counted feature counts approximate backing—off smootk&d r
tive frequencies models with Kneser’'s advanced marginek-ba
off distribution; this explains some of the reported susegdanax-
imum entropy models in the past; (3) perplexity results festad
and non—nested features, e.g. trigrams and distance#rigion a
4—million word subset of the Wall Street Journal Corpusyshg
that the smoothing method has more effect on the perplexiy t
the method to combine information.

1. MAXIMUM ENTROPY APPROACH

The maximum entropy principle [1, 5] is a well-defined metlfad
incorporating different types of features into a languageleh [4,

9]. For a wordw given its historyh it has the following functional
form [2, pp. 83-87]:

ex ,)\i i h,w
pa(ulh) = p[zé(h];( : W

Z(h) = Z: exp |:E )\le (h, ﬁ)):| 5

where for each featurewe have a feature functiof (b, w) €
{0,1} that is activated if featureé exists in(h,w), and a weight
parameter\;, with parameter sed := {\;}. Consideringcon-

ditional probabilities is an important difference to most standard

publications. For the parameter estimation\ofve consider the
log-likelihood functionG(A) for a training corpus of running

wordswi, ..., Wn, ..., WN

G(A) = ) log pa(walhn) = N(h,w)log pa(wlh)

hw

with the usual count definition®(h,w). We take the partial
derivatives with respect to each of the paramederset them to
zero, and obtain the so—called constraint equation for &sathre
i

oG
o =~ Q)+ Ni=0
Qi(A) = Y N(h)pa(wlh) fi(h,w)
hw
N; = ZN(hzw)fl(hzw) )

hw

(u, v, w):
Fowe (il B, 0) = 1 ifw=wandv=9andu =14
wow(th,U,W) = 0 otherwise
Fou(il, 3, 1) = 1 ifw=wandv=19
vwth U, W) = 0 otherwise
o 1 fw=w
fu(a, 0,0) = { 0 otherwise

Motivated by the good results in [10], the baseline modelxis e
tended by non-nested features, either distance—2—trigraith
(h,w) = (t,u,v,w):

froo (70, 5,10) = 1 ifw=®wandv=9andt =#%
browiB T - 0 otherwise

frun (B 57) = 1 ifw=®andu=aandt =#%
b T T - 0 otherwise

or, alternatively, distance—3—bigrams and distance-g#abis with
(h,w) = (5,8, u,v, w):

o3 5,05, @) = 1 ifw=w@wandt =1
Erwd® BT - 0 otherwise

= 1 fw=wands=35
forrw (5,1, 1, 0,10) = { 0 otherwise

As opposed to the non—nested features, closed solutiossiexi
part for nested features, allowing some analysis of the mauxi
entropy models.

2. SMOOTHING OF MAXIMUM ENTROPY MODELS

2.1. Unsmoothed Models: Relative Frequencies

For the straightforward baseline maximum entropy modekglis
a closed solution due to the nested features. The consagurat-
tions

> N(i, ) - pa(li, ) - fuvu (i, 9, 0)
eAuuw+Auw+Aw

= Nwv)- Z(u,v)

= N(u,v,w)



result in relative frequencies:
eAuvw FAvw+Aw _ N(u, v, w)
Z(u,v) N(u,v)

Since the probabilities of all seen trigrams of a given hisfa, v)
sum up tol, the probability of unseen trigrams is not properly de-
fined using the model of Eq. (1) becausedfrwrvw+rw 5
even though bigram and unigram features exist for backifig—o
Therefore, smoothing must be applied, a technique thas+edi
tributes probability mass from seen to unseen events [8].

2.2. Smoothing Using Cut-Offs and Absolute Discounting

We do not know an obvious smoothing technique for maximum
entropy, so we adapted techniques from known smoothing-meth
ods:

e Cut-Offs: Probability mass is gained by omitting featuies
with a feature coundV; of thresholdk and below. However,
this results in a coarser model.

e Absolute Discounting: This method was first presented in
[10] without detailed analysis. All featurésvith a positive

feature count are allowed. Probability mass is gained by re-

ducing the feature courlY; by a fixed discounting valué.
It is important to note that we now diverge from the max-
imum likelihood principle and risk inconsistent consttain

resulting in:
e)‘vw _ Ngk(-,v,w)+n>k(-,v,w) -d
a N(@,v)
Z(u,v)
w: N(a,v,w)<k
~ Nep(v,w) + nsp(c,0,w) - d @)
B 3 M) ’
— 7 (i, v)
with
Ngk(~,v,w) = Z N (i, v, w)

&

: N(@,v,w)<k

oo

@: N(@,v,w)>k

n>k('7 v, w)

The approximation is possible because almost all trigrasmsia-
seen in real cases. TH&(u,v) computation, also using Eqg. (3),

results in
§ Ao
e

w: N(u,v,w)<k
Nﬁk(uava')+n>k(uava')'d ’
N (u,v)

Z(u,v) ®)

equations. In the experiments, we use three different dis- \ith

counting valueslr, dg, anddy for trigram, bigram and
unigram features, respectively.

We analyse the effect of the smoothing methods for the casalth
bigram features are seen and thus not smoothed. This idigticea
but leads to a closed solution. If we apply both smoothingwes
at the same time, we get the model:

pruvwHAow )

T if N(u,v,w) >k

e vw

Z(u,v)

)

pa(wlu,v)
otherwise

and the constraint equations for the upper branch:
> N(i, ) - pa (|, 8) - Fuvw (i, 7,10)

eruvw HAvw

Z(u,v)

:N(UJU)' iN(u,v,w)—d )

resulting in:
eruvw FAvw

Z(u,v) -

N(u,v,w) —d
N(u,v)

®)

Eq. (3) is used for the solution of the constraint equatiangte
lower branch:

> N ) - pa(]i, ) - fou (i, B, 1)

u,D,W

a: N(@,v,w)<k

>

@: N(d,v,w)>k

+ N(ﬂzvzw)_d:N(Uzw) )

Nﬁk(uava') = Z N(’I.L,U,?I))
w: N(u,v,w)<k
n>k(uava') = Z 1
w: N(u,v,0)>k
Note that

Nﬁk(uz v, ) + n>k(u7 v, ) d
N(u,v)
is the probability mass for redistribution for= (u,v). Inserting
Egs. (3), (4), (5) into the original model Eq. (2) resultshe final
backing—off model. For cut—offsi(= 0, £ > 0) we have:

pa(w|u,v) =
_ NJET%&?LQ)U) if N(u,v,w) >k
%j;})’.) - Buv(w)  otherwise
with N
Buv(w) := <k(,v,w)

Zi}: N(u,v,w)<k Ngk'(-’ Uy QD)

Thus, the resulting model is a standard backing—off modg! [8
but with a back—off distributiord,.., (w) not known from previous
publications. However, this back—off distribution is nabperly
defined if) " Nuww <k N<k (- v,w) = 0. For absolute dis-
counting () < d < 1, k = 0), we have

pa(wlu, v) =
N s Us —d i
~ (?Vi()utuv)) if N(u,v,w) >0
a nso(u,v,-) -d .
N, 0) Buv(w) otherwise



Table 1: CPU hours per GIS iteration for maximum entropy mod- Table 2: Test set perplexities for trigram language modeth w

els with different features on an Alpha 21164 500 Mhz prooess

on the WSJ0—4M corpug, = 0.

| Features | CPU hours]
tri-/bi—/unigrams 2.8
tri-/bi—/unigrams, distance—2—trigram 3.8
tri—/bi—/unigrams, distance—3/4—bigrams 10.3

with
n>0('7 v, w)

@ N (u,v,B)=0 n>o(:,v,w)

Buw (w) := Z

Thus, the resulting model is a standard backing—off modetlji
a back—off distributior8, ., (w) known as Kneser’s marginal distri-
bution [7]. A closed solution including unigram featuresics yet

found for both smoothing approaches, but we assume thaethe r

sulting models would be similar to the above.

3. EXPERIMENTAL RESULTS

For the experiments, a 4.5—million word text from the Wate®t
Journal task was used (exact size: 4,472,827 words). Trabuec
lary consisted of approximately 20,000 worg® tab200 . nvp).
All other words in the text were replaced by the labsiNk> for

the unknown word. The test set perplexity was calculated on a

separate text of 325,000 words. In the perplexity calootestj the

different smoothing methods on the WSJ0—4M corpus.

| Model | PP ]
smoothed relative frequencies:
backing—off 163.4
backing—off, marginal distribution || 153.2
standard model 152.1
maximum entropy (20 iterations):
cut—offs,k =1 178.7
absolute discounting 157.9
interpolation of standard model
and maximum entropy (20 iterations):
cut-offs,k =4, u = 0.3 148.2
absolute discounting; = 0.3 150.0

back—off distributions. This underlines that the discednmax-
imum entropy model only approximates the latter. The cdit—of
maximum entropy model performs worse, probably becaudweof t
poorer modeling and the problematic back—off distributit{n).
The standard model performs best, because it employs aterp
lation instead of backing—off for smoothing. The supetioof
smoothing by interpolation over smoothing by backing—addf h
been observed earlier [8]. Interpolating the standard inaith

the maximum entropy models

p(wlu,v) = (1= p) - q(wlu,v) + p - pa(wlu,v)

unknown word was included. The corpora used are the same as if€sults in a modest improvement only. All these results show
[8] and [9]. The CPU time needed for the improved GIS training that the performance of a language model with nested featsire

can be seen in Table 1.

clearly dominated by the smoothing method, not by the way the

For nested features, we compared the two smoothing meth-features are combined. A baseline maximum entropy modél wit

ods for maximum entropy with known smoothing methods for rel

ative frequencies [8]: (1) backing—off with absolute disting

and relative frequencies back—off distributigf), (2) the same,
but with Kneser’s marginal back—off distribution, and (8¢ tstan-
dard smoothing method at our site, interpolation with altgodlis-

counting and singleton back—off distribution:

max{N(u,v,w) — d,0}

g(wlu,v) = N(u.0)
nso(u,v,-) - d
e N, 0) - B(w|v)
ni(-, v, w)
Blwlv) =
an( 7U7w)
with
ni(-,v,w) = Z 1

@ N(i,v,w)=1

The respective smoothing methods were recursively aptdigue

back—off distributiong3(-). For smoothed relative frequencies and

maximum entropy models the discounting paramefesgre esti-
mated by leaving—one—out [8]. In Table 2 we see that the perpl
ity for the maximum entropy model with absolute discountisg
better than explicit backing—off with relative frequersis back—
off distributions, but worse than explicit backing—off tvinarginal

a better smoothing method or more efficient features may leuts
still has to be found.

For non—-nested features we compared the effects of extend-
ing the models by distance—2—trigrams. For smoothed velati
frequencies, each of the three trigram models was separatel
smoothed by absolute discounting and interpolation, hieestan-
dard model, with and without the singleton back—off digttibn
B(+). The discounting parametefsvere estimated using leaving—
one—out. The three smoothed models were combined by linear
interpolation

p(wls,t,u,v) =
= (1 —p1 = p2) - q(wlu, v)+p1 - q(wlt, -, v)+p2 - g(wlt, u,-)

with interpolation parameterg;, u» estimated by a simplified
cross validation method. The contesting maximum entropgieho
was extended by the distance—2—trigram features andlizétin
for GIS training with the parameters from the baseline rekgie
gram model. The discounting paramefer for absolute discount-
ing for both distance—2-trigram features and the numberl8f G
iterations was optimized on the testing data. Thus, thaihgi
procedure was slightly in favour of the maximum entropy nisde
Even though, as seen from Table 3, the maximum entropy models
are still outperformed by the smoothed relative frequenniedel
with marginal back—off distribution. The interpolationtbfe max-
imum entropy model with the standard model results in a sligh
perplexity improvement only. Again, results are domindigdhe
smoothing method.



Table 3: Test set perplexities for trigram and distancerdg-am
language models on the WSJ0-4M corpus.

| Model | PP ]
interpolation of smoothed relative frequencies:
without singleton smoothing 1515
with singleton smoothing 138.6
maximum entropy:
absolute discountinglp = 0.5, 3 iter. 146.9
interpolation of
standard model and maximum entropy:
absolute discountingip = 0.5, 3iter.,;, = 0.5 || 141.9

Table 4: Test set perplexities for trigram, distance—3ramgand

distance—4—bigram language models on the WSJ0-4M corpus.
| Model | PP

interpolation of smoothed relative frequencies:

singleton distribution 148.6
maximum entropy:

absolute discountinglp = 0.5, 3 iter. 147.1
interpolation of
standard model and maximum entropy:

absolute discountingip = 0.5, 3iter.,; = 0.6 || 142.7

The extension of the trigram models by distance bigrams was

performed in the very same way, but with a slightly differest

sult. As can be seen from Table 4, the maximum entropy model
now reaches the performance of the smoothed relative freipse
model. An explanation could be that smoothing has a weaker ef

fect on bigrams because bigrams are better trained thaanig

the discounted maximum entropy model is outperformed by
relative frequencies models with state—of-the—art smooth
ing.

For non—nested features,

no closed solutions are known;

if smoothing is imortant, smoothing methods, not the
method of integrating information, dominate the globatper
formance of language models;

if the features become better trained, smoothing becomes
less important, and maximum entropy appears to outper-
form linear interpolation.

The authors would like to thank Christoph Hamacher for his
support in the experiments.
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Thus, the way in which the features are combined becomes more

dominant, obviously in favour of the maximum entropy moasl,

theory suggests [1, 9].

Compared to the backing—off smoothed relative frequencies

model without marginal back—off distribution we get a retituein

perplexity by 10% for the maximum entropy model with distnc

m~—gram features. A similar figure is reported in [9] using Tgr

Good smoothing [6] for the maximum entropy model [9, p. 2@4],
smoothing method comparable to absolute discounting [8jvH

ever, as can be seen from Table 2, roughly a third of this pritgl
reduction is already achieved by the marginal back—offrithist

tion implicitly modeled by the maximum entropy model wittiou
distancesm—grams, a fact not discussed in earlier publications.

4. CONCLUSION

In this paper we discussed various aspects of smoothingitpets

in maximum entropy language modeling. For nested features,

e the unsmoothed maximum entropy model leads to relative
frequencies without proper probabilities for events neinse

in the training;

e discounted feature counts approximate the well-known
backing—off smoothing implicitly using Kneser’s advanced
marginal back—off distribution;

(7]

(8]

(9]

(10]

(11]
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