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Model-Based MCE Bound to the True Bayes’ Error

Ralf Schliter and Hermann Ney

Abstract—n this letter, we show that the minimum classifica-
tion error (MCE) criterion gives an upper bound to the true Bayes’
error rate independent of the corresponding model distribution. In
addition, we show that model-free optimization of the MCE crite-
rion leads to a closed form solution in the asymptotic case of infinite
training data. While leading to the Bayes’ error rate, the resulting
model distribution differs from the true distribution. This suggests
that the structure of model distributions trained with the MCE cri-
terion should differ from the structure of the true distributions, as
they are usually used in statistical pattern recognition.

Index Terms—Error bounds, maximum mutual information
(MMI), minimum classification error (MCE), speech recognition,
statistical pattern recognition, training criteria.

corresponding model distribution leads to the true Bayes’
error rate.

* A new discriminative training criterion similar to the
MCE criterion, the generalized Gini (GG) criterion is
defined. The GG criterion gives an closer upper bound to
the Bayes’ error rate than the MCE criterion. Model-free
optimization of the GG criterion with infinite training
data leads to the same optimal model distribution as the
MCE criterion.

The model distributions resulting from model-free optimiza-
tion of the MCE and the GG criterion differ considerably from

the true distributions. This result suggests modifications to the
structure of the model distributions applied in MCE training.
. INTRODUCTION It should be noted that in this letter, we strictly distinguish
S starting point for this letter, we will summarize the statbetween true distributions (representing the training data) and
of the art for discriminative training. The minimum clasthe corresponding model distributions. This strict distinction is
sification error (MCE) training criterion [5], as well as othewsually not found in literature.
discriminative training criteria like the maximum mutual infor-
mation (MMI) criteriort ([2], pp. 785), ([4], pp. 262) are im-
portant alternatives to the standard maximum likelihood (ML) Letr,, be an observation arig, the corresponding class label

criterion for training the model parameters in statistical Paith 1 — 1 N. True distributions are denoted by e.g
tern recognition. For various classification tasks such as spe%Eg , PR P

Il. ERRORBOUNDS

. X oo : ,k) and p(k|z). The true distributions are distinguished
and image object recognition, improvements in error rate, oftg 1\ the corresponding model distributions by the parameter

combined with a reduction in the nur_nper of parameters, hay,ee_g_,pe(%k) and py(k | ). For both the true distributions
been reported for MCE and MMI training when compared tQ,,4 the model distributions, the usual normalization constraints

ML training [3], [6]-{8]. _ are assumed. Then the expectation of the true Bayes error rate
The MCE criterion represents a smoothed version of the ems (e) is given by

pirical error rate on the training data for a given classifier. Be-
cause of this direct relation between the training criterion and
the final goal to reduce the error rate, it might be expected that an
MCE trained classifier should not heavily depend on the quality
of certain model assumptions, as is the case for both ML and
MMI training.
In this letter, proofs for the following properties for the MCE
criterion and thegeneralized Gincriterion will be given. with the local Bayes errgigayes(¢ | z).
» The MCE criterion represents an upper bound to the true
(optimal) Bayes’ error rate, independent of the underlying- MMI Criterion
model distribution. The model based posterior probability for clasgiven obser-
* Model-free optimization of the MCE criterion with suf-vationz will be denoted by, (k | z). In the limit of an infinite
ficient training data leads to a closed form solution. Themount of training data, the (model based) MMI criterion then
is defined by
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The MMI criterion, as it is usually used in speech recognition, should cor- A

rectly be referred to as thequivocatiorcriterion. Both criteria are equivalent N v

~
only in the case of given class priors. =:fu(e | @)
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where fyivr(e | ) denotes the local MMI score. The notatiorBy using the fact that for 2/r = 1, the equality is true, it is
here reflects the fact thgkni(e | ) gives an upper bound to easy to prove the inequality. Using this inequality, we obtain
the local true Bayes' error rate. Utilizing the inequality y <

y — 1 for the natural logarithm, we obtain the following in-

equality:

—havi(e|x) = =Y p(k|x)logpe(k | x)
> Z;mx) (1= pa(k|))
Yk ) el
>1- Ir]fgxp(k | )

= pBayes(e | .T) (1)

Hence, except for the negative sign, the MMI criterion is an
upper bound to the true Bayes error rate independent of the

modelpg(k | ) used in the MMI criterion.

B. MCE Criterion

The model distribution for clasé and observatiorr will
be denoted byy(k | x). In the limit of an infinite amount of

training data, the MCE criterion [5] then is given by
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wherefyice(e | ) denotes the local MCE error. To obtain a link
between the local MCE criterion and the Bayes error, we need

the following inequality:
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where the “intermediate” local errgizc (e | ) will be used to
define a new discriminative criterion, which will be discussed in
Section IlI-B. The aforementioned result shows that the MCE
criterion gives an upper bound to the true Bayes error rate inde-
pendent of the discrimination function model used in the MCE
criterion. This result supplements the fact that the MCE cri-
terion gives an approximation to the empirical error rate on
the training data produced by the corresponding discrimination
function model.

I1l. M ODEL-FREE OPTIMIZATION
A. ML and MMI Criterion

For the ML and the MMI criterion, model-free optimization
in the asymptotic case of infinite training data leads to closed
form solutions. Under consideration of the normalization con-
straints for probability models, the model-free optimization of
the ML and the MMI criterion leads to the true distributions

po(x | k) = pg(;gik])f) =p(z|k) (ML criterion),
pa(k|x) = p;ﬁ’;) =p(k|x) (MMI criterion).

Therefore, under the assumption that the taupriori proba-
bility p(k) is known, both the ML and the MMI criterion lead
to Bayes’ decision rule.

B. MCE and Related Criteria

For the asymptotic case of infinite training data, in this sec-
tion, we will derive a closed-form solution for the model-free
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optimization of both the original MCE criterion as well as fodata, and any discrimination function minimizing the empirical
the GG criterion. The GG criterion is derived from the intermeerror rate gives a possible solution in this case. Nevertheless, for
diate local erroifgc (e | ) and gives even a closer upper boundinite 3, the optimal outcome of an MCE training might very

to the true Bayes’ error than the MCE criterion itself, cf. (3well depend on the model choice. In this letter, for the case of
Because of its similarity to the Gini criterion ([1], pp. 38), thenfinite training data, a model-free optimization is performed

new criterion will be called the GG criterion for the MCE criterion, which leads to a closed form solution,
. which leads to the true Bayes’ error rate. We found the same
Faa =/ dr - p(x) - > p(k|) result for the GG criterion defined in this letter, which is shown
k to be similar to the MCE criterion, and which even gives a closer
pz'@(k | z) upper bound to the true Bayes’ error rate than the MCE criterion
- m : itself.

Although being a function of the true distributions, the model
In (3), a system of inequalities between the local MCE err@jistribution resulting from the model-free optimization of both

fuce(e| ), the local GG errorfaa(e| ), and the true local the MCE and the GG criterion differs considerably from the cor-
Bayes’ error rat@gayes(e | ) is given. The equality, i.e., opti- responding true distribution and from the structure of the model
mality for both the MCE and the GG criterion is obtained if thelistributions usually used for statistical pattern recognition. This
model distributiorpy (k| z) is set to result for the MCE criterion suggests that the structure of the

1, if k = argmax,, p(k | z) models usually used for ML and MMI training might not be op-
po(k|z) = {0’ otherwisgé M timal for MCE training.
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