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t. Statisti
al 
lassi�
ation using tangent ve
tors and 
lassi�-
ation based on lo
al features are two su

essful methods for variousimage re
ognition problems. These two approa
hes tolerate global andlo
al transformations of the images, respe
tively. Tangent ve
tors 
an beused to obtain global invarian
e with respe
t to small aÆne transfor-mations and line thi
kness, for example. On the other hand, a 
lassi�erbased on lo
al representations admits the distortion of parts of the im-age. From these properties, a 
ombination of the two approa
hes seemsvery likely to improve on the results of the individual approa
hes. In thispaper, we show the bene�ts of this 
ombination by applying it to the wellknown USPS handwritten digits re
ognition task. An error rate of 2.0%is obtained, whi
h is the best result published so far for this dataset.1 Introdu
tionTransformation toleran
e is a very important aspe
t in the 
lassi�
ation of hand-written digits be
ause of individual writing styles, pen properties and 
lutter.Among the relevant transformations we 
an distinguish the two 
ases of{ global transformations of the image, e.g. s
ale, rotation, slant, and{ lo
al transformations of the image, e.g. 
lutter or missing parts.These types of transformations do not 
hange the 
lass of the obje
t present inthe image and therefore we are interested in 
lassi�ers that 
an tolerate these
hanges, in order to improve 
lassi�
ation a

ura
y. There exists a variety of waysto a
hieve invarian
e or transformation toleran
e of a 
lassi�er, in
luding e.g.normalization, extra
tion of invariant features and invariant distan
e measures.In this work, we present two 
lassi�
ation methods that are parti
ularlysuitable for the two types of transformations: a statisti
al 
lassi�er using tan-gent ve
tors for global invarian
e and a 
lassi�er based on the nearest neighbor



te
hnique and lo
al representations of the image, whi
h tolerates lo
al 
hanges.Be
ause these two methods deal with di�erent types of transformations it seemsespe
ially useful to 
ombine the results of the 
lassi�ers.The 
ombination of the 
lassi�ers is evaluated on the well known US PostalServi
e database (USPS), whi
h 
ontains segmented handwritten digits fromUS zip 
odes. There are many results for di�erent 
lassi�ers available on thisdatabase and the 
ombined approa
h presented here a
hieves an error rate of2.0% on the test set, whi
h is the best result reported so far.2 The statisti
al 
lassi�er using tangent distan
eFirst, we will des
ribe the statisti
al 
lassi�er used. To 
lassify an observationx 2 IRD, we use the Bayesian de
ision rulex 7�! r(x) = argmaxk fp(k) � p(xjk)g :Here, p(k) is the a priori probability of 
lass k, p(xjk) is the 
lass 
onditionalprobability for the observation x given 
lass k and r(x) is the de
ision of the
lassi�er. This de
ision rule is known to be optimal with respe
t to the expe
tednumber of 
lassi�
ation errors if the required distributions are known [1℄. How-ever, as neither p(k) nor p(xjk) are known in pra
ti
al situations, it is ne
essaryto 
hoose models for the respe
tive distributions and estimate their parametersusing the training data. The 
lass 
onditional probabilities are modeled usingkernel densities in the experiments, whi
h 
an be regarded as an extreme 
ase ofa mixture density model, sin
e ea
h training sample is interpreted as the 
enterof a Gaussian distribution:p(xjk) = 1Nk NkXn=1N (xjxkn; �);where Nk is the number of training samples of 
lass k, xkn denotes the n-threferen
e pattern of 
lass k and here we assume � = ��2I , i.e. we use varian
epooling over 
lasses and dimensions and apply a fa
tor � to determine the kernelwidth.2.1 Overview of tangent distan
eIn this se
tion, we �rst give an overview of an invariant distan
e measure, 
alledtangent distan
e (TD), whi
h was introdu
ed in [2℄. In the following se
tion, wewill then show how it 
an be e�e
tively integrated into the statisti
al 
lassi�erpresented above. An invariant distan
e measure ideally takes into a

ount trans-formations of the patterns, yielding small values for patterns whi
h mostly di�erby a transformation that does not 
hange 
lass-membership.Let x 2 IRD be a pattern and t(x; �) denote a transformation of x thatdepends on a parameter L-tuple � 2 IRL, where we assume that t does not
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µFig. 1. Illustration of the Eu
lidean distan
e between an observation x and a refer-en
e � (dashed line) in 
omparison to the distan
e between the 
orresponding manifolds(plain line). The tangent approximation of the manifold of the referen
e and the 
orre-sponding (one-sided) tangent distan
e is depi
ted by the thin line and the dotted line,respe
tively.a�e
t 
lass membership (for small �). The set of all transformed patterns nowis a manifold Mx = �t(x; �) : � 2 IRL	 � IRD in pattern spa
e. The distan
ebetween two patterns 
an then be de�ned as the minimum distan
e between themanifoldMx of the pattern x and the manifoldM� of a 
lass spe
i�
 prototypepattern �. This manifold distan
e is truly invariant with respe
t to the regardedtransformations (
f. Fig. 1). However, the distan
e 
al
ulation between manifoldsis a hard non-linear optimization problem in general. These manifolds 
an beapproximated by a tangent subspa
e 
M. The tangent ve
tors xl that span thesubspa
e are the partial derivatives of the transformation t with respe
t to theparameters �l (l = 1; : : : ; L), i.e. xl = �t(x; �)=��l. Thus, the transformationt(x; �) 
an be approximated using a Taylor expansion at � = 0:t(x; �) = x+ LPl=1�lxl + LPl=1O(�2l )The set of points 
onsisting of the linear 
ombinations of the tangent ve
tors xladded to x forms the tangent subspa
e 
Mx, a �rst-order approximation ofMx:
Mx = �x+ LPl=1�lxl : � 2 IRL	 � IRDUsing the linear approximation 
Mx has the advantage that distan
e 
al
ulationsare equivalent to the solution of linear least square problems or equivalentlyproje
tions into subspa
es, whi
h are 
omputationally inexpensive operations.The approximation is valid for small values of �, whi
h nevertheless is suÆ
ientin many appli
ations, as Fig. 2 shows for examples of USPS data. These examples
Fig. 2. Example of �rst-order approximation of aÆne transformations and line thi
k-ness. (Left to right: original image, � horizontal translation, � verti
al translation, �rotation, � s
ale, �axis deformation, � diagonal deformation, � line thi
kness)



illustrate the advantage of TD over other distan
e measures, as the depi
tedpatterns all lie in the same subspa
e and 
an therefore be represented by oneprototype and the 
orresponding tangent ve
tors. The TD between the originalimage and any of the transformations is therefore zero, while the Eu
lideandistan
e is signi�
antly greater than zero. Using the squared Eu
lidean norm,the TD is de�ned as:d2S(x; �) = min�;�2IRL�jj(x+ LPl=1�lxl)� (�+ LPl=1�l�l)jj2	This distan
e measure is also known as two-sided tangent distan
e (2S) [1℄. Toredu
e the e�ort for determining d2S(x; �) it may be 
onvenient to restri
t thetangent subspa
es to the derivatives of the referen
e (or the observation). Theresulting distan
e measure is 
alled one-sided tangent distan
e.2.2 Integration into the statisti
al approa
hThe 
onsiderations presented above are based on the Eu
lidean distan
e, butequally apply when using the Mahalanobis distan
e in a statisti
al framework.The result of the integration of one-sided tangent distan
e into the densities isa modi�
ation of the 
ovarian
e matrix of ea
h kernel in the kernel densities [3℄:p(xjk) = 1Nk NkXn=1N (xjxkn; �0kn); �0kn = � + 
2 LXl=1 �knl�TknlHere, the parameter 
 denotes the varian
e of the 
oeÆ
ients � in the tangentsubspa
e. The resulting distan
es (i.e. the values of the exponent in the Gaussiandistribution) approa
h the 
onventional Mahalanobis distan
e for 
 ! 0 and theTD for 
 !1. Thus, the in
orporation of tangent ve
tors adds a 
orre
tive termto the Mahalanobis distan
e that only a�e
ts the 
ovarian
e matrix whi
h 
anbe interpreted as stru
turing �kn.2.3 Virtual dataIn order to obtain a better approximation of p(xjk), the domain knowledgeabout invarian
e 
an be used to enri
h the training set with shifted 
opies ofthe given training data. In the experiments displa
ements of one pixel in eightdire
tions were used. Although the tangent distan
e should already 
ompensatefor shifts of that amount, this approa
h still leads to improvements, as the shiftis a transformation following the true manifold, whereas the tangents are a linearapproximation. As it is possible to use the knowledge about invarian
e for thetraining data by applying both tangent distan
e and expli
it shift, this is truefor the test data as well. The resulting method is 
alled virtual test samplemethod [4℄. When 
lassifying a given image, shifted versions of the image aregenerated and independently 
lassi�ed. The overall result is then obtained by
ombining the individual results using the sum rule.



3 The nearest neighbor 
lassi�er using lo
al featuresAs the se
ond method, the nearest neighbor (NN) paradigm is used to 
lassifyhandwritten 
hara
ters. To use the NN algorithm, a distan
e measure betweentwo 
hara
ter images is needed. Usually, the solution is to represent ea
h imageas a feature ve
tor obtained from the entire image, using the appearan
e-basedapproa
h as above (ea
h pixel 
orresponds to one feature) or some type of fea-ture extra
tion. Finally, using ve
tor spa
e dissimilarity measures, the distan
ebetween two 
hara
ter images is 
omputed.In the handwritten 
hara
ters 
lassi�
ation problem, there usually appear
lear di�eren
es between handwritten versions of the same 
hara
ter. This isan important handi
ap to the NN 
lassi�
ation algorithm if the feature ve
toris obtained from the entire image. But it is possible to �nd lo
al parts of the
hara
ters that seem to be un
hanged, that is, the distan
e between them is lowin two handwritten version of the same 
hara
ter. This leads to the idea of usinga lo
al feature approa
h, where ea
h 
hara
ter is represented by several featureve
tors obtained from parts of the image.In a 
lassi
al 
lassi�er [1℄, ea
h obje
t for training and test is represented bya feature ve
tor, and a dis
rimination rule is applied to 
lassify a test ve
tor.In the handwritten 
hara
ters s
enario, the estimation of posterior 
lass prob-abilities from the whole obje
t seems to be a diÆ
ult task, but taking lo
alrepresentations we obtain simpler features to learn the posterior probabilities.Moreover, we obtain a model that is invariant with respe
t to horizontal andverti
al translations.3.1 Extra
tion of lo
al featuresMany lo
al representations have been proposed, mainly in the image databaseretrieval literature [5, 6℄. In the present work, ea
h image is represented by several(possibly overlapping) square windows of size w � w, whi
h 
orrespond to a setof \lo
al appearan
es" (
f. Fig. 3).To obtain the lo
al feature ve
tors from an image, a sele
tion of windowswith highly relevant and dis
riminative 
ontent is needed. Although a numberof methods exist to dete
t su
h windows [7℄, most of them are not appropriatefor handwritten images or they are 
omputationally too expensive.In this work, the grey value of the pixels is used as sele
tion 
riterion. Darkpixels (with low grey value) are sele
ted in order to determine points on the tra
e
Fig. 3. Example of four lo
al features extra
ted from an image of a handwritten digit.



of the handwritten 
hara
ter. The surrounding window of ea
h sele
ted pixel isused as one of the lo
al features for the representation of the whole 
hara
ter.The possibly high dimensionality of w2 ve
tor 
omponents is redu
ed usinga prin
ipal 
omponent analysis on the set of all lo
al features extra
ted from thetraining set.3.2 Classi�
ation using lo
al featuresGiven a training set, for ea
h image of the training set a set of feature ve
torsis obtained. The size of these sets may be di�erent, depending on the number oflo
al features 
hosen. Ea
h lo
al feature ve
tor has the same 
lass label asso
iatedas the image it was obtained from. All these feature ve
tors are then joined toform a new training set.Given a test image x, we obtainMx feature ve
tors, denoted by fx1; : : : ; xMxg.Then, to solve the problem of 
lassi�
ation of a test obje
t represented by lo
alfeatures, the sum rule is used to obtain the posterior probability of the obje
tfrom the posterior probabilities of its lo
al representations [8℄:r(x) = argmaxk P (kjx) � argmaxk MxXm=1P (kjxm)And to model the posterior probability of ea
h lo
al feature, a �-NN is used:P (kjxm) � vk(xm)� ;where vk(xm) denotes the number of votes from 
lass k found for the feature xmamong the � nearest neighbors of the new training set. We adopt the sum rule asan approximation for the obje
t posterior probabilities and the k-NN estimateis used to approximate ea
h lo
al feature posterior probability, yielding:r(x) = argmaxk MxXm=1 vk(xm)� = argmaxk MxXm=1 vk(xm) (1)In words, the 
lassi�
ation pro
edure is summarized as follows: for ea
h lo
alfeature of the test image, the k-nearest neighbor algorithm gives a fra
tion ofvotes to ea
h 
lass, whi
h is an approximation of the posterior probability thatea
h lo
al feature belongs to ea
h 
lass. As ea
h of the ve
tors obtained fromthe test image 
an be 
lassi�ed into a di�erent 
lass, a joint de
ision s
hemeis required to �nally de
ide on a single 
lass for the entire test image. Theprobabilities obtained from ea
h lo
al feature are 
ombined using the sum ruleto obtain the overall posterior probability for the entire image for ea
h 
lass. Thetest image is assigned to the 
lass with highest posterior probability. A

ordingto Eq. (1), this de
ision 
orresponds to the most voted 
lass 
ounting all votesfrom all lo
al features of the test image [8℄.



Fig. 4. Examples of digits mis
lassi�ed by the lo
al feature approa
h, but 
orre
tly
lassi�ed by the tangent distan
e 
lassi�er (�rst row, note the variation in line thi
knessand aÆne 
hanges) and vi
e versa (se
ond row, note the missing parts and 
lutter).3.3 Computational 
onsiderationsRepresenting obje
ts by several lo
al features involves a 
omputational problemif the number of lo
al features to represent one obje
t is very large. The k-NNalgorithm needs to 
ompare every lo
al feature of a test obje
t with every lo
alfeature of every training obje
t. This high 
omputational 
ost is 
onsiderablyredu
ed by using a fast approximate k-nearest neighbor sear
h te
hnique [9℄.4 Experimental results on the USPS databaseAll the results presented here were obtained using the well known US PostalServi
e handwritten digits re
ognition 
orpus (USPS). It 
ontains normalizedgrey s
ale images of size 16�16, divided into a training set of 7291 images anda test set of 2007 images. A human error rate estimated to be 2.5% shows thatit is a hard re
ognition task. Some (diÆ
ult) examples of the test are shown inFig. 4. Several other methods have been tried on this database and some resultsare in
luded in Table 1.Observing that the two 
lassi�ers des
ribed here led to di�erent errors on theUSPS data, this situation seemed to be espe
ially suited for the use of 
lassi�er
ombination in order to improve the results [10℄. For example, tangent distan
eis able to 
ope with di�erent line thi
knesses very well, while the lo
al featureapproa
h 
an tolerate missing parts (like segmentation errors) or 
lutter. Fig. 4shows some of the errors, whi
h were di�erent between the two 
lassi�ers.Therefore, the experimental setup was 
omparably simple. The best resultobtained so far (2.2% error rate) was already based on 
lassi�er 
ombinationon the basis of 
lass posterior probabilities. Hen
e, it was only ne
essary toin
lude the results of the lo
al feature approa
h (whi
h yielded an error rate of3.0%) in the 
ombiner. We used the de
ision based on the lo
al features with twovotes, one statisti
al 
lassi�er with one-sided tangent distan
e and two statisti
al
lassi�ers with two-sided tangent distan
e. Using majority vote as 
ombinationrule, ties were arbitrarily broken by 
hoosing the 
lass with the smallest 
lassnumber k. With this approa
h, we were able to improve the result from 2.2% to2.0%. Table 1 shows the error rates in 
omparison to those of other methods,whi
h are mainly single 
lassi�er results.Note that the improvement from 2.2% to 2.0% is not statisti
ally signi�
ant,as there are only 2007 test samples in the test set (the 95% 
on�den
e interval



Table 1. Summary of results for the USPS 
orpus (error rates, [%℄).�: training set extended with 2,400 ma
hine-printed digitsmethod ER[%℄human performan
e [Simard et al. 1993℄ [2℄ 2.5relevan
e ve
tor ma
hine [Tipping et al. 2000℄ [11℄ 5.1neural net (LeNet1) [LeCun et al. 1990℄ [12℄ 4.2invariant support ve
tors [S
h�olkopf et al. 1998℄ [13℄ 3.0neural net + boosting [Dru
ker et al. 1993℄ [12℄ �2.6tangent distan
e [Simard et al. 1993℄ [2℄ �2.5nearest neighbor 
lassi�er [14℄ 5.6mixture densities [15℄ baseline 7.2+ LDA + virtual data 3.4(1) kernel densities [14℄ tangent distan
e, two-sided 3.0+ virtual data 2.4+ 
lassi�er 
ombination 2.2(2) k-nearest neighbor, lo
al representations 3.0
lassi�er 
ombination using methods (1) and (2) 2.0for the error rate on this experiment is [1:4%; 2:8%℄). Furthermore, it must beadmitted that these improvements seem to result from \training on the testingdata". Against this impression we may state several arguments: On the onehand, only few experiments using 
lassi�er 
ombination were performed here.Se
ondly, there exists no development test set for the USPS dataset. Therefore,all the results presented on this dataset (
f. e.g. Table 1) must be 
onsideredas training on the testing data to some degree and therefore a too optimisti
estimation of the real error rate. This adds some fairness to the 
omparison.Despite these drawba
ks, the presented results are interesting and important inour opinion, be
ause the 
ombination of two 
lassi�ers, whi
h are able to dealwith di�erent transformations of the input (
f. Fig. 4), was able to improve ona result whi
h was already very optimized.5 Con
lusionIn this work, the 
ombination of two di�erent approa
hes to handwritten 
har-a
ter 
lassi�
ation was presented. These two methods are 
omplementary in thetransformations of the images that are tolerated and thus in the sets of mis
las-si�ed images. Therefore, the appli
ation of a 
ombined 
lassi�er based on thesetwo te
hniques is a suitable approa
h. In the experiments 
arried out, it was ob-served that the 
ombination improves the results of the previously best 
lassi�eron the USPS 
orpus from 2:2% to 2:0%. Although this is not a statisti
ally sig-ni�
ant improvement, qualitatively, the advantages of the 
ombination be
ome
lear when regarding Fig. 4. This shows the bene�ts of the applied 
ombination,whi
h will possibly be helpful for image 
lassi�
ation tasks in the future.



Referen
es1. R. Duda, P. Hart, and D. Stork. Pattern Classi�
ation. John Wiley & Sons, NewYork, 2nd edition, 2001.2. P. Simard, Y. Le Cun, and J. Denker. EÆ
ient Pattern Re
ognition Using aNew Transformation Distan
e. In S. Hanson, J. Cowan, and C. Giles, editors,Advan
es in Neural Information Pro
essing Systems 5. Morgan Kaufmann, pages50{58, 1993.3. D. Keysers, W. Ma
herey, J. Dahmen, and H. Ney. Learning of Variability forInvariant Statisti
al Pattern Re
ognition. In ECML 2001, 12th European Confer-en
e on Ma
hine Learning, volume 2167 of Le
ture Notes in Computer S
ien
e,Springer, Freiburg, Germany, pages 263{275, September 2001.4. J. Dahmen, D. Keysers, and H. Ney. Combined Classi�
ation of Handwritten Digitsusing the 'Virtual Test Sample Method'. In MCS 2001, 2nd International Work-shop on Multiple Classi�er Systems, volume 2096 of Le
ture Notes in ComputerS
ien
e, Springer, Cambridge, UK, pages 109{118, May 2001.5. C. S
hmid and R. Mohr. Lo
al grayvalue invariants for image retrieval. IEEETransa
tions on Pattern Analysis and Ma
hine Intelligen
e, 19(5):530{535, 1997.6. C. Shyu, C. Brodley, A. Kak, A. Kosaka, A. Aisen, and L. Broderi
k. Lo
alversus Global Features for Content-Based Image Retrieval. In Pro
. of the IEEEWorkshop on Content-Based A

ess of Image and Video Libraries, Santa Barbara,CA, pages 30{34, June 1998.7. R. Deri
he and G. Giraudon. A Computational Approa
h to Corner and VertexDete
tion. Int. Journal of Computer Vision, 10:101{124, 1993.8. R. Paredes, J. Perez-Cortes, A. Juan, and E. Vidal. Lo
al Representations and aDire
t Voting S
heme for Fa
e Re
ognition. In Workshop on Pattern Re
ognitionin Information Systems, Set�ubal, Portugal, pages 71{79, July 2001.9. S. Arya, D. Mount, N. Netanyahu, R. Silverman, and A. Wu. An optimal algorithmfor approximate nearest neighbor sear
hing �xed dimensions. Journal of the ACM,45:891{923, 1998.10. J. Kittler, M. Hatef, and R. Duin. Combining Classi�ers. In Pro
eedings 13thInternational Conferen
e on Pattern Re
ognition, Vienna, Austria, pages 897{901,August 1996.11. M. Tipping. The Relevan
e Ve
tor Ma
hine. In S. Solla, T. Leen, and K. M�uller,editors, Advan
es in Neural Information Pro
essing Systems 12. MIT Press, pages332{388, 2000.12. P. Simard, Y. Le Cun, J. Denker, and B. Vi
torri. Transformation Invarian
e inPattern Re
ognition | Tangent Distan
e and Tangent Propagation. In NeuralNetworks: Tri
ks of the Trade, volume 1524 of Le
ture Notes in Computer S
ien
e,Springer, Heidelberg, pages 239{274, 1998.13. B. S
h�olkopf, P. Simard, A. Smola, and V. Vapnik. Prior Knowledge in SupportVe
tor Kernels. In M. Jordan, M. Kearns, and S. Solla, editors, Advan
es in NeuralInf. Pro
. Systems, volume 10. MIT Press, pages 640{646, 1998.14. D. Keysers, J. Dahmen, T. Theiner, and H. Ney. Experiments with an ExtendedTangent Distan
e. In Pro
eedings 15th International Conferen
e on Pattern Re
og-nition, volume 2, Bar
elona, Spain, pages 38{42, September 2000.15. J. Dahmen, D. Keysers, H. Ney, and M. O. G�uld. Statisti
al Image Obje
t Re
og-nition using Mixture Densities. Journal of Mathemati
al Imaging and Vision,14(3):285{296, May 2001.


