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t. In this paper, we present a mixture density based approa
h to invariantimage obje
t re
ognition. To allow for a reliable estimation of the mixture para-meters, the dimensionality of the feature spa
e is optionally redu
ed by applying arobust variant of linear dis
riminant analysis. Invarian
e to aÆne transformationsis a
hieved by in
orporating invariant distan
e measures su
h as tangent distan
e.We propose an approa
h to estimating 
ovarian
e matri
es with respe
t to imagevariabilities as well as a new approa
h to 
ombined 
lassi�
ation, 
alled the virtualtest sample method. Appli
ation of the proposed 
lassi�er to the well known USPostal Servi
e handwritten digits re
ognition task (USPS) yields an ex
ellent errorrate of 2:2%. We also propose a simple, but e�e
tive approa
h to 
ompensate forlo
al image transformations, whi
h signi�
antly in
reases the performan
e of tangentdistan
e on a database of 1,617 medi
al radiographs taken from 
lini
al daily routine.Keywords: statisti
al pattern re
ognition, density estimation, invariant image ob-je
t re
ognition, 
ombined 
lassi�
ation1. Introdu
tionIn this paper, a mixture density based approa
h to invariant imageobje
t re
ognition is presented. We propose a Gaussian mixture density(GMD) based Bayesian 
lassi�er and extend this non-invariant stan-dard approa
h using Simard's tangent distan
e [26℄, as invarian
e playsan important role in obje
t re
ognition [29℄. Tangent distan
e is alsoused for the reliable estimation of 
ovarian
e matri
es, whi
h is espe-
ially important if only few training samples are available. Furthermore,a new s
heme for 
ombined 
lassi�
ation 
alled the virtual test samplemethod (VTS) is proposed. The e�e
tiveness of our approa
h is shownby applying it to the widely used US Postal Servi
e re
ognition task(USPS). In the experiments, we make use of appearan
e based patternre
ognition, i.e. ea
h pixel of an image is interpreted as a feature,optionally performing feature redu
tion using a linear dis
riminantanalysis (LDA) [10, pp. 114-123℄. Using VTS and LDA, the mixturedensity based standard approa
h yields a test error rate of 3.4%. Thiserror rate 
an be further improved to 2:2% by using tangent distan
ein the re
ognition step of a kernel density (KD) based 
lassi�er andby estimating the proposed tangent 
ovarian
e matrix (without feature
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2 Dahmen, Keysers, Ney, and G�uldredu
tion). To show the general appli
ability of the presented approa
h,we also apply it to a database of 1,617 medi
al radiograph images thatwere taken from the RWTH Aa
hen - University of Te
hnology IRMAproje
t (Image Retrieval in Medi
al Appli
ations) [3, 18℄. On this data,the performan
e of tangent distan
e 
an be signi�
antly improved usinga simple image distortion model to 
ompute the proposed distorted tan-gent distan
e. In 
ontrast to tangent distan
e, whi
h deals with globalimage transformations, distorted tangent distan
e also 
ompensates forlo
al image variations.1.1. Related workWhile appearan
e based image obje
t re
ognition is 
ommon in thepattern re
ognition 
ommunity, the use of invariant statisti
al 
lassi�erssu
h as the one proposed here is not. Moghaddam & Pentlandused Gaussian mixtures for view-based image re
ognition, a

ountingfor invarian
es by assuming appropriate training samples and suitableimage normalization [20℄. S
hiele employed histogram based imagefeatures within a Bayesian 
lassi�er, but did not use mixture densitiesto model the required probability densities [23℄. Hinton et al. appliedtangent distan
e to de�ne a modi�ed version of a prin
ipal 
omponentsanalysis within a linear autoen
oder based 
lassi�er [14℄, the approa
hbeing similar to 
omputing a maximum approximation within a mixturedensity based 
lassi�er. Furthermore, Hastie et al. 
omputed suitableprototype ve
tors from a given training set with respe
t to tangentdistan
e, whi
h 
an be used to speed up nearest neighbour 
lassi�
ation(by using just a few prototype ve
tors instead of the possibly largetraining set) [13℄. Not surprisingly, as tangent distan
e originated fromthe �eld of arti�
ial neural nets, many authors su
h as S
hwenk use itin this 
ontext [25, 27℄. An interesting review of methods for invariantpattern re
ognition is given in [29℄. The virtual test sample methodderived in Se
tion 5 was motivated by Kittler's resear
h on 
lassi�er
ombination s
hemes [17℄. Finally, the image distortion model used inour experiments is similar to distan
e measures su
h as the Hausdor�distan
e or lo
al pertubation models. Yet, the proposed 
ombinationof this distortion model and tangent distan
e is a new approa
h.The remainder of this paper is organized as follows: In Se
tion 2,an overview of the databases used in the experiments is given. TheGMD based standard approa
h is presented in Se
tion 3, in
ludingmaximum-likelihood parameter estimation, whi
h is done by applyingthe Expe
tation-Maximization algorithm. We furthermore dis
uss pos-sibilities to redu
e the number of free model parameters that have tobe estimated, whi
h is 
ru
ial for su

essful statisti
al obje
t re
ogni-
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Figure 1. Example images taken from the original US Postal Servi
e test set.tion in many appli
ations (\
urse of dimensionality"). In Se
tion 4, weintrodu
e an aÆne-invariant distan
e measure 
alled tangent distan
e(proposed by Simard in 1993) and its appli
ations within the statisti
al
lassi�er des
ribed here. Furthermore, we use a simple image distortionmodel to extend tangent distan
e to distorted tangent distan
e. Beforepresenting experimental results in Se
tion 6, we dis
uss the 
reation ofvirtual data in Se
tion 5. The virtual test sample method derived hereproved to be very e�e
tive in our experiments. Finally, we will 
on
ludethe paper in Se
tion 7.2. Databases used in the experimentsIn this se
tion we brie
y des
ribe the image databases used in ourexperiments.2.1. The US Postal Servi
e databaseThe USPS database (available at ftp://ftp.kyb.tuebingen.mpg.de/pub/bs/data/) is a well known handwritten digit re
ognition task,whi
h 
ontains 7,291 training obje
ts and 2,007 test obje
ts. The digitsare isolated and represented by a 16�16 pixels sized grays
ale image(see Fig. 1). The USPS re
ognition task is known to be hard (
ommonlyregarded harder as for instan
e the similar MNIST handwritten digitstask), with a human error rate of about 2.5% on the test data [26℄.An advantage of the USPS task is the availability of many re
ognitionresults reported by international resear
h groups, allowing a fair 
om-parison of results (
p. Tab. II). To prove that the proposed methodsgeneralize well, we also 
ondu
ted a key experiment on the MNISThandwritten digits task (60,000 referen
e and 10,000 test images, avail-able at http://www.resear
h.att.
om/~yann /o
r/mnist).2.2. The irma databaseThe IRMA database 
onsists of 110 abdomen, 706 limbs, 103 breast,110 skull, 410 
hest and 178 spine radiographs, summing up to a total
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4 Dahmen, Keysers, Ney, and G�uld
Figure 2. Example radiographs taken from the IRMA database, s
aled to a 
ommon,square size. Top-left to bottom-right: abdomen, limbs, breast, skull, 
hest and spine.of 1,617 images taken from daily routine (after erasing the patient in-formation). The data is se
ondary digital, i.e. it has been s
anned from
onventional �lm-based radiographs. All images were s
anned using256 gray levels (with image sizes ranging from about 200�200 pixels to2000�2000 pixels) and were labelled by an expert. Note that radiograph
lassi�
ation is a hard problem, as the qualities of radiographs vary 
on-siderably and there is a great within-
lass varian
e (
aused by di�erentdoses of X-rays, varying orientations, pathologies or 
hanging s
riborposition). Furthermore, there is a strong visual similarity between manyimages of the 
lasses abdomen and spine (
p. Fig. 2). Determining theanatomi
 region of a given radiograph is a relevant medi
al problem,as this information is not available in se
ondary digital ar
hives andin many 
ases in
orre
t or missing in primary digital databases. Fordetailed information on the motivation and the goals of the IRMAproje
t, the reader is referred to [18℄.2.3. Feature analysisIn our experiments we make use of appearan
e based pattern re
ognition,i.e. we interpret ea
h pixel of an image as a feature. Thus, all theinformation 
ontained in an image is used for 
lassi�
ation. The onlyprepro
essing we do for the IRMA database is downs
aling the radio-graphs to 32�32 pixels. Our experiments showed, that this step speedsup the system signi�
antly without notably in
reasing the 
lassi�
ationerror rate (
p. Se
tion 6). Nevertheless, interpreting ea
h pixel as afeature results in high-dimensional feature ve
tors (256-dimensional forUSPS, 1024-dimensional for IRMA). We therefore optionally performa linear dis
riminant analysis to redu
e the dimensionality of the fea-ture spa
e, where the following 
al
ulation of the LDA transformationmatrix proved to be more reliable than its straightforward 
al
ulation(the solution of a general eigenvalue problem) [10, pp. 114-123℄:
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Statisti
al Image Obje
t Re
ognition Using Mixture Densities 5In a �rst step, we estimate a whitening transformation matrix W[12, pp. 26-29℄. The transformed data is 
alled white, i.e. the 
lass
onditional 
ovarian
e matrix�̂ = 1N NXn=1(xn � �kn)(xn � �kn)T (1)is the matrix of identity. N is the number of training samples, whi
h aregiven as labelled pairs (xn; kn), xn is the observation of training samplen with a

ording 
lass index kn and �kn is the mean ve
tor of 
lass kn.In a se
ond step, we generate K prototype ve
tors of the form (�k��),where K is the number of 
lasses, �k is the mean ve
tor of 
lass k and� is the overall mean ve
tor. These ve
tors are now transformed into anorthonormal basis. To avoid the numeri
al instabilities of the 
lassi
alGram-S
hmidt approa
h (
aused by rounding errors), this is done byusing a singular value de
omposition (SVD) [22, pp. 59-67℄, yielding amaximum of (K�1) base ve
tors. Now, by proje
ting the original fea-ture ve
tors into the subspa
e spanned, we obtain the redu
ed featureve
tors. As the maximum number of LDA features is (K�1), we de�neso-
alled pseudo
lasses before applying the LDA to the data. These are
reated by performing a GMD based 
luster analysis on the data (
p.Se
tion 3). In 
ase of the USPS database, our best LDA results wereobtained 
reating four pseudo
lasses per 
lass, yielding 39-dimensionalfeature ve
tors. 3. The statisti
al approa
hTo 
lassify an observation x 2 IRd we use the Bayesian de
ision rulex 7�! r(x) = argmaxk fp(k) � p(xjk)g ; (2)whi
h is known to be optimal with respe
t to the expe
ted number of
lassi�
ation errors in 
ase the required distributions are known [10,pp. 10-39℄. Here, p(k) is the a priori probability of 
lass k, p(xjk) isthe 
lass 
onditional probability for the observation x given 
lass kand r(x) is the de
ision of the 
lassi�er. As neither p(k) nor p(xjk)are known, we have to 
hoose models for the respe
tive distributionsand estimate their parameters using the training data. In the USPSexperiments, we set p(k) = 1K for ea
h 
lass k (as it is not obvious whya 
ertain digit should have a higher prior probability than another),whereas on the IRMA database relative frequen
ies are used. The 
lass
onditional probabilities, whi
h des
ribe the distribution of the featureve
tors in feature spa
e, are modelled using Gaussian mixture densities
MIA_Dahmen_FINAL.tex; 4/01/2001; 17:34; p.5



6 Dahmen, Keysers, Ney, and G�uldor kernel densities respe
tively. As the latter 
an be regarded as anextreme 
ase of the mixture density model, where ea
h training sampleis interpreted as the 
enter of a Gaussian normal distribution [3, 10,pp. 61-62℄, we 
on
entrate on mixture densities in the following.3.1. Gaussian mixture densitiesA Gaussian mixture is de�ned as a linear 
ombination of Gaussian
omponent densities N (xj�ki;�ki), leading to the following expressionfor the 
lass 
onditional probabilities:p(xjk) = IkXi=1 
ki � N (xj�ki;�ki); (3)N (xj�ki;�ki) = 1q(2�)dj�kij exp ��12(x� �ki)T��1ki (x� �ki)�;(4)where Ik is the number of 
omponent densities used to model 
lass k,
ki are weight 
oeÆ
ients (with 
ki > 0 and PIki=1 
ki = 1), �ki is themean ve
tor and �ki is the 
ovarian
e matrix of 
omponent density iof 
lass k. To avoid the problems of estimating a 
ovarian
e matrix ina high-dimensional feature spa
e, i.e. to keep the number of free modelparameters small, globally pooled 
ovarian
e matri
es are used here:� = KXk=1 IkXi=1 NkiN ��ki (5)Furthermore, we only use a diagonal 
ovarian
e matrix, i.e. a vari-an
e ve
tor. Note that this does not lead to a loss of information,sin
e a GMD of that form 
an still approximate any density fun
tionwith arbitrary pre
ision. Parameter estimation is now done using theExpe
tation-Maximization (EM) algorithm [7℄ in 
ombination with aLinde-Buzo-Gray based 
lustering pro
edure [19℄.3.2. Parameter estimationIn this se
tion, we deal with estimating the mixture density parame-ters. To do so, we use the EM-algorithm, a maximum likelihood pa-rameter estimation approa
h for data with so-
alled hidden variables.Appli
ation of the EM-algorithm to mixture densities is des
ribed in[7℄, where the index of some density whi
h an observation belongs tois interpreted as hidden variable. This assignment is expressed as aprobability p(ijxn; k; �ki), where �ki = (
ki;�ki;�ki). By applying the
MIA_Dahmen_FINAL.tex; 4/01/2001; 17:34; p.6



Statisti
al Image Obje
t Re
ognition Using Mixture Densities 7EM-algorithm, we obtain the following re-estimation formulae:p(ijxn; k; �ki) = 
ki � N (xnj�ki;�ki)Pi0 
ki0 � N (xnj�ki0 ;�ki0) (6)
ki(n) = p(ijxn; k; �ki)Pn0 p(ijxn0 ; k; �ki) (7)�
ki = 1Nk NkXn=1 p(ijxn; k; �ki) (8)��ki = NkXn=1 
ki(n) � xn (9)��ki = NkXn=1 
ki(n) � [xn � ��ki℄[xn � ��ki℄T (10)with Nk being the number of training samples of 
lass k. The iterationis started by estimating the parameters 
ki, �ki and �ki, yielding theinitial p(ijxn; k; �ki). The parameters �ki are now re-estimated by set-ting 
ki := �
ki; �ki := ��ki and �ki := ��ki, yielding a better estimationfor p(ijxn; k; �ki). This pro
edure repeateds until the parameters 
on-verge. Here, the number of densities to be trained per mixture andtheir initial parameters are de�ned by repeatedly splitting mixture
omponents, i.e. we use a Linde-Buzo-Gray [19℄ inspired method. Toover
ome the problem of 
hoosing the initial values for the parameters,a single density is trained for ea
h 
lass �rst. A mixture density isthen 
reated by splitting single densities, i.e. a mixture 
omponent kiis splitted by modifying the mean ve
tor �ki using a suitable distortionve
tor �. In our experiments, fast 
onvergen
e was obtained by 
hoosing� to be a fra
tion of the respe
tive varian
e ve
tor, as this methodproved to be very eÆ
ient for modelling emission probabilities in spee
hre
ognition [21℄. We obtain two new mean ve
tors �+ki = �ki + �and ��ki = �ki � �, i.e. a mixture density with mixture 
omponentsN (xj�+ki;�ki) and N (xj��ki;�ki). The mixture density parameters 
annow be re-estimated using Eq. (6)-(10), with the splitting pro
edurerepeating until the desired number of densities is rea
hed.3.3. Invarian
e properties of the 
lassifierNote that the appearan
e based statisti
al approa
h presented above isonly invariant with respe
t to image transformations if these variabili-ties are present in the training data. Therefore, additional invarian
e ofthe 
lassi�er is espe
ially useful for small training sets, as they are dealtwith here. In the next se
tions, we therefore present two possibilities to
MIA_Dahmen_FINAL.tex; 4/01/2001; 17:34; p.7



8 Dahmen, Keysers, Ney, and G�ulda
hieve this property, namely (a) the in
orporation of invariant distan
emeasures and (b) the generation of virtual data. In the experiments
ondu
ted, these methods proved to be superior to approa
hes su
h asthe extra
tion of invariant features or image normalization.4. In
orporation of invariant distan
e measuresWe start this se
tion by dealing with global image transformations,su
h as rotations or shifts. A good means to 
ompensate for su
htransformations is a distan
e measure 
alled tangent distan
e, whi
hwas introdu
ed by Simard et al. in 1993 and whi
h proved to be es-pe
ially e�e
tive for opti
al 
hara
ter re
ognition [26℄. In the following
onsiderations, the 
lass index k is dropped for ease of notation.4.1. Overview of tangent distan
eIn his work, Simard observed that reasonably small transformations of
ertain obje
ts (like digits) do not a�e
t 
lass membership [26℄. Simpledistan
e measures like the Eu
lidean distan
e do not a

ount for this,instead they are very sensitive to transformations like s
aling, transla-tion, rotation or axis deformations (
p. Fig. 7-10). When an image x ofsize I�J is transformed (e.g. s
aled and rotated) with a transformationt(x;�) whi
h depends on L parameters � 2 IRL (e.g. the s
aling fa
torand the rotation angle), the set of all transformed imagesMx = ft(x;�) : � 2 IRLg � IRI�J (11)is a manifold of at most L dimensions. The distan
e between twoimages 
an now be de�ned as the minimum distan
e between theira

ording manifolds, being truly invariant with respe
t to the L trans-formations regarded. Unfortunately, 
omputation of this distan
e is ahard optimization problem and the manifolds needed have no analyti
expression in general. Therefore, small transformations of an image xare approximated by a tangent subspa
e M̂x to the manifold Mx atthe point x. Those transformations 
an be obtained by adding to xa linear 
ombination of the ve
tors T l(x); l = 1; :::; L that span thetangent subspa
e. Thus, we obtain as a �rst-order approximation ofMx (a visualization of this `tangent approximation' is shown in Fig. 3):M̂x = fx+ LXl=1 �l � T l(x) : � 2 IRLg � IRI�J (12)Now, the single sided tangent distan
e DT (x;�) between an image xand a referen
e image � is de�ned as
MIA_Dahmen_FINAL.tex; 4/01/2001; 17:34; p.8
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Figure 3. Example images generated via tangent approximation, using the seventangents as proposed by Simard. The original image is at top-left.DT (x;�) = min� fkx+ LXl=1 �l � T l(x)� �k2g: (13)The tangent ve
tors T l(x) 
an be 
omputed using simple �nite di�er-en
es between the original image and a small transformation of it [26℄.A double sided tangent distan
e 
an also be de�ned by approximatingMx andM� and minimizing the distan
e over all possible 
ombinationsof the respe
tive parameters. In the USPS experiments, we 
omputedthe seven tangent ve
tors for translations (2), rotation, s
aling, axisdeformations (2) and line thi
kness, as proposed by Simard [26℄. In
ontrast to this, the line thi
kness tangent loses its a-priori nature onthe IRMA data and is repla
ed by a brightness tangent (whi
h is setto a 
onstant value to 
ompensate for additive brightness variations).Assuming that the tangent ve
tors are orthogonal (whi
h 
an bea
hieved using a SVD), Eq. (13) 
an be solved eÆ
iently by 
omputingDT (x;�) = kx� �k2 � LXl=1 [(x� �)T � T l(x)℄2kT l(x)k2 : (14)The straightforward in
orporation of tangent distan
e into the Gaus-sian mixture model is to repla
e the Mahalanobis distan
e by tangentdistan
e in Eq. (4). Another approa
h is to use tangent approximationfor reliable parameter estimation, whi
h is treated in the following.4.2. Parameter estimation with tangent approximationInstead of 
omputing the empiri
al 
ovarian
e matrix � of the giventraining samples x1; :::;xN , we 
an use Eq. (12) to impli
itly 
reate an\in�nite" amount of training samples xn;�; n = 1; :::; N and 
omputethe respe
tive tangent 
ovarian
e matrix �T :�T = 1N Z p(�) � NXn=1(xn;� � �)(xn;� � �)T d�; (15)
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10 Dahmen, Keysers, Ney, and G�uldxn;� = xn + LXl=1 �l � T l(xn); (16)where xn;� is a lo
al transformation of the n-th training pattern, Nis the number of training samples with mean � and p(�) is the distri-bution of the parameters �. With R p(�) d� = 1, E(�) = 0 and someelementary 
al
ulations, Eq. (15) redu
es to�T = �+ 1N NXn=1T (xn)�� T (xn)T (17)with� being the empiri
al 
ovarian
e matrix of the data, T (xn) 2 IRD�Lthe matrix representation of the tangent ve
tors of training sample xnand �� 2 IRL�L the 
ovarian
e matrix of the parameters � (with�� = �2 � I in the experiments). Note that�T = 1N Z p(�) � NXn=1xn;� d� = �: (18)Thus, the empiri
al sample mean does not 
hange in the presen
e oftangent ve
tors. More information on the probabilisti
 interpretationof tangent distan
e 
an be found in [4, 16℄.4.3. The image distortion modelComputation of tangent distan
e as given in Eq. (13) still requires the
al
ulation of the (squared) Eu
lidean distan
e between the optimallytransformed image x and the referen
e image �. Although small globaltransformations have been 
ompensated for by the optimal tangentapproximation, this distan
e is still highly sensitive to lo
al transforma-tions of the images, e.g. 
aused by noise (e.g. typi
al for radiographs).We therefore use the following image distortion model (IDM): When
al
ulating the distan
e between two images x and � we allow for lo
al
X

µ

X

µFigure 4. 1D 
omparison of the image distortion model (left) and the tangentmodel (right, showing a s
ale operation): The IDM allows for any lo
ally optimaltransformation, whereas the tangent model imposes global restri
tions, leading to ahomogeneous transformation.
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Statisti
al Image Obje
t Re
ognition Using Mixture Densities 11deformations, i.e. we do not 
ompute the squared error between a pixel(i; j) in x and its 
ounterpart in �, but look for the `best-�tting' pixelin � within a 
ertain neighbourhood Rij (see Fig. 4):Ddist(x;�) = IXi=1 JXj=1 min(i0;j0)2Rij nkxij � �i0j0k2 + C(i; i0; j; j0)o (19)for images with dimension I � J , where C(i; i0; j; j0) is a 
ost fun
tionthat models the 
osts for deforming a pixel xij in the input image toa pixel �i0j0 in the referen
e image. The region Rij is typi
ally 
ho-sen to be square, resulting in a size of (2r + 1) � (2r + 1) pixels for2D-images, with r = 0 yielding Eu
lidean distan
e. As the distortiondistan
e between almost any two images 
an be redu
ed to a value nearzero by in
reasing r (leading to a signi�
ant in
rease in 
lassi�
ationerror), the 
hoi
e of the 
ost fun
tion is important for large r. In theexperiments, C(i; i0; j; j0) is 
hosen to be a weighted Eu
lidean distan
ebetween xij and �i0j0 . Thus, small lo
al transformations are preferredto (most probably unwanted) long-range pixel transformations. The
ombination of tangent distan
e and the above image distortion modelis 
alled distorted tangent distan
e here and 
an be regarded as per-forming an image registration step (via optimal tangent approximation)prior to 
omputing the image distortion distan
e as given in Eq. (19).5. Virtual data 
reationA typi
al drawba
k of statisti
al 
lassi�ers is their need for a largeamount of training data, whi
h is not always available. To over
omethis diÆ
ulty, we 
reate virtual training data.5.1. Creating virtual training dataHere, the basi
 idea is to 
hoose a transformation whi
h respe
ts 
lassmembership and to apply it to the training samples. In the USPS exper-iments for example, we used �1 pixel shifts to 
reate 9�7,291 = 65,619training samples of size 18�18 pixels from the original 7,291 USPStraining samples (of size 16�16 pixels). Thus, parameter estimationas proposed in Se
tion 3 is not only more reliable (as there is moretraining data to learn from), but we also in
orporate lo
al invarian
eswith respe
t to the 
hosen transformations into the mixture model.5.2. The virtual test sample methodSimilar to 
reating virtual training data, we propose the following vir-tual test sample method (VTS). Using our a-priori knowledge again, we
MIA_Dahmen_FINAL.tex; 4/01/2001; 17:34; p.11



12 Dahmen, Keysers, Ney, and G�uld
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Figure 5. Approximation of the original manifold using shifted data: A 2D example.
reate a number of virtual test samples x1; :::;xjAj by applying transfor-mations t(x;�); � 2 A to the given observation. On USPS, we use �1pixel shifts, i.e. jAj = 9 for virtual data 
reation; other transformationssu
h as rotation or s
ale might be 
onsidered in other domains, but didnot improve our results. As an image 
annot be shifted into di�erentdire
tions at the same time, the \events" x1; :::;xjAj 
an be regardedas being mutually ex
lusive. Thus, we 
an model the 
lass-
onditionalprobability for the original observation by 
omputingp(xjk) = X�2A p(x;�jk)= X�2A p(�) � p(xj�; k) = 1jAj X�2A p(x�jk) (20)(assuming equal prior probabilities p(�) for all transformations 
on-sidered here), where the term 1=jAj does not depend on k and maybe negle
ted for 
lassi�
ation purposes. Note that this motivation forthe sum rule di�ers from that proposed by Kittler in [17℄. Usingmultiple 
lassi�ers to 
lassify a single test pattern, it was assumedthat the posterior probabilities 
omputed by the respe
tive 
lassi�ersdo not di�er mu
h from the prior probabilities in order to justify thesum rule. In 
ontrast to this, using multiple test patterns and a single
lassi�er, Eq. (20) simply follows from the fa
t that the transformations
onsidered are mutually ex
lusive.The key idea behind VTS is that we are able to use 
lassi�er 
om-bination s
hemes and their bene�ts without having to 
reate multiple
lassi�ers. Instead, we simply 
reate virtual test samples. Thus, 
las-sifying a pattern using VTS has the same 
omputational 
omplexityas using any other 
ombination s
heme, but the (
omputationally ex-pensive) training phase remains una�e
ted. Despite its simpli
ity, VTSproved to be very e�e
tive in our experiments. Two things should benoted on VTS and the 
reation of virtual data in general:First, 
reation of virtual data is not un
ommon in pattern re
ogni-tion. Yet, it is interesting to see that 
reation of virtual test samples in
ombination with the sum rule for 
ombined 
lassi�
ation is not only
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Figure 6. Empiri
al varian
e vs. tangent varian
e: Mixture density error rates withrespe
t to the total number of mixture 
omponents used (9-1, no LDA).e�e
tive, but also straightforward to justify (
ontrary to the multiple
lassi�er 
ase des
ribed in [17℄). Se
ond, 
ombination of tangent dis-tan
e and the 
reation of virtual data makes sense, as tangent distan
eis not fully invariant to - for instan
e - image shifts, it is only approx-imately invariant. Thus, 
reating virtual data 
an be interpreted asyielding a better approximation of the original manifold (
p. Fig. 5).6. Experimental resultsIn this se
tion we present some results obtained on the USPS respe
-tively the IRMA database in our experiments.6.1. Experiments on the usps 
orpusExperiments were started by applying the GMD based standard ap-proa
h to the USPS data. Table I shows the a
hieved results with andwithout LDA feature redu
tion. The notation `a-b' indi
ates, that wein
reased the number of training samples by a fa
tor of a and that of thetest samples by a fa
tor of b. Thus, b=9 indi
ates that we performedVTS as proposed in Se
tion 5. To 
ompare the e�e
tiveness of theVTS method to 
onventional 
lassi�er 
ombination s
hemes, we usedthe Adaboost algorithm [11℄ to boost our 
lassi�er. Doing so, the 9-1LDA error rate dropped from 4.5% to 4.2%. Yet, by redu
ing the errorrate from 4.5% to 3.4%, VTS signi�
antly outperformed Adabooston this parti
ular data set.The improvements gained from the appli
ation of the LDA aremainly due to the problem of estimating varian
es in a high-dimensionalfeature spa
e, as the next experiment shows, where we used Eq. (17)to estimate tangent varian
es in the EM training phase without per-forming feature redu
tion. Doing so, the error rate drops signi�
antlyfrom 6.0% to 4.3%. A 
omparison of both approa
hes with respe
t
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14 Dahmen, Keysers, Ney, and G�uldTable I. GMD error rates on USPS with varying varian
eestimation and distan
e measures, with and without LDA.Method: Error rate [%℄1-1 1-9 9-1 9-9baseline 8.0 6.6 6.4 6.0baseline + LDA 6.7 5.9 4.5 3.4baseline + �T + Mahalanobis 6.4 4.8 4.5 4.3baseline + �T + tangent 3.9 3.6 3.4 2.9to the total number of densities used in the probabilisti
 model 
anbe found in Fig. 6. Apparently, 
omputing tangent varian
es in 
om-bination with the expli
it 
reation of virtual training data is a goodmeans to over
ome the diÆ
ulties in estimating a 
ovarian
e matrix ina high-dimensional feature spa
e.In another experiment, the Mahalanobis distan
e used in the Gaus-sian 
omponent densities was repla
ed by single sided TD in the re
og-nition step (the training phase remained una�e
ted), further redu
ingthe error rate from 4.3% to 2.9% (
p. Tab. I). This result 
ould be fur-ther improved to 2.7% by 
al
ulating the double sided tangent distan
ein re
ognition (using a total of about 10,000 mixture 
omponents, i.e.about 1,000 per 
lass). We were not able to obtain a result better than3.0% error without using tangent varian
es, but using a bagged kerneldensity based 
lassi�er further redu
ed the error rate to 2:2% [2, 15℄.A 
omparison of our USPS results with that reported by othergroups 
an be found in Tab. II, proving them to be ex
ellent. Notethat results marked with an asterisk were a
hieved by adding about2,400 ma
hine printed digits to the training set [9, 26℄. We also per-formed experiments with the proposed image distortion model, Fouriertransform based invariants [6℄, invariant moments and dis
riminativetraining of Gaussian mixtures [5℄, yet so far none of these approa
hes
ould improve our best result of 2.2%. Furthermore, using tangentdistan
e in the training phase yielded no improvement.6.2. Experiments on the irma 
orpusAs there are only 1,617 radiographs available, a leaving-one-out ap-proa
h was adopted here. Thus, ea
h image was 
lassi�ed separately,using the remaining 1,616 as referen
e images. As already mentioned inSe
tion 2, the radiographs were s
aled down to a standard size of 32�32pixels. This 
an be done without a signi�
ant 
hange in 
lassi�
ationerror rate, but leads to a 
onsiderable system speedup. Performing a1-nearest neighbour 
lassi�er on the radiographs with a size of 320�320pixels gives a 
lassi�
ation error of 18.0%, requiring about 30 CPU
MIA_Dahmen_FINAL.tex; 4/01/2001; 17:34; p.14
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ognition Using Mixture Densities 15Table II. Error rates [%℄ reported on USPS and MNIST.Method USPS MNISTHuman Performan
e [26℄ 2.5 0.2Two-Layer Neural Net [28℄ 5.9 -5-Layer Neural Net (LeNet1) [27℄ 4.2 1.7Invariant Support Ve
tors [24℄ 3.0 0.8Tangent Distan
e, 1-NN [26℄ �2.5 1.1Boosted Neural Net, [9℄ �2.6 0.7This work: GMD, LDA, (VTS) 4.5 (3.4) -GMD, VTS, TD 2.7 -KD, VTS, TD, (bagging) 2.2 1.0 (-)se
onds on a 500MHz Digital ALPHA CPU to 
lassify a single image.Downs
aling the images to the proposed size, an error rate of 18.1%was obtained, requiring about 0.4 CPU se
onds per image.We now used the single-sided tangent distan
e for radiograph 
las-si�
ation. As 
an be seen in Tab. III, this redu
es the kernel densityerror rate from 16:4% to 14:8% (due to the high-dimensional data,we only used 
lass-spe
i�
 standard deviations here). We then startedexperiments with the IDM, using C(i; i0; j; j0) = 0. Surprisingly, withan error rate of 14:7% the result of this simple distortion model is evenslightly better than that obtained by using tangent distan
e. Comput-ing distorted tangent distan
e further redu
ed the error rate to 12:5%(using r = 0:7 for the IDM), proving that the e�e
ts of the IDM andTD are additive (this 
ould have be expe
ted, as TD 
ompensates forglobal and the IDM for lo
al transformations).In another experiment, the maximum lo
al distan
e between twoimage pixels was restri
ted by a threshold dmax. Note that the maxi-mum 
ontribution of a pixel to any of the proposed distan
e measures is255 � 255=65,025, as the radiographs are 256-grays
ale images. Thus,a few distorted pixels (as 
aused by noise or 
hanging s
ribor posi-tion) 
an 
ause a mis
lassi�
ation. By restri
ting this 
ontribution toa maximum value dmax (
alled thresholding in the following), i.e. byrepla
ing kxij � �i0j0k2 7�! minnkxij � �i0j0k2; dmaxo (21)in Eq. (19) we 
an 
ompensate for this e�e
t, redu
ing the error rateto 10.3% using dmax =3500. Analysing the remaining errors we foundout that many mis
lassi�
ations 
ould be easily avoided by taking into
onsideration the original image aspe
t ratios (by downs
aling the im-
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16 Dahmen, Keysers, Ney, and G�uldTable III. Leaving-one-out IRMA error rates[%℄ with respe
t to varying distan
e measures(with and without thresholding).Distan
e Measure Thresholding(in kernel density) no yesMahalanobis Distan
e 16.4 14.2Tangent Distan
e 14.8 12.9Image Distortion Model 14.7 13.2Distorted Tangent Distan
e 12.5 10.3ages to a standard size this information is lost). To 
ompensate for this,an aspe
t ratio penalty term was introdu
ed, based on the di�eren
ein aspe
t ratio between the given image and the referen
e image. Thispenalty further redu
ed the 
lassi�
ation error from 10.3% to 8.6%. Wethen 
hose C(i; i0; j; j0) to be a weighted Eu
lidean distan
e betweenpixels (see Se
tion 4), obtaining an error rate of 8.2%.In a �nal experiment, the di�erent distan
e measures dis
ussed abovewere analysed with respe
t to their invarian
e properties, given a trans-formation t. In our experiments, we 
hose t to be a translation and
al
ulated the distan
e between a shifted version of a radiograph andthe original image as well as the distan
e to radiographs from 
ompeting
lasses. As 
an be seen in Fig. 7, Eu
lidean distan
e is highly sensitiveto image translations. On the other hand, tangent distan
e (see Fig. 8)
an nearly 
ompensate one pixel shifts and yields small distan
es up to2-3 pixels shifts. Naturally, the IDM with r = 1 (as shown in Fig. 9)
an fully 
ompensate one pixel shifts, yet with r in
reasing, the dis-tan
es to 
ompeting 
lasses get smaller rapidly (see Fig. 10). Thus,large neighbourhoods may lead to bad 
lassi�
ation results.6.3. Generalization & 
omputational 
omplexityFinally, to investigate the generalization properties of the methods pre-sented, experiments were 
ondu
ted on two 
ompletely new datasets.The best non-bagged USPS 
lassi�er was applied to the MNIST task(without doing any MNIST spe
i�
 parameter optimization), whereasfor the IRMA task a new dataset of 332 radiographs was 
olle
ted fromdaily routine and then 
lassi�ed using the original 1,617 IRMA imagesas referen
es and the parameters determined on the original IRMAdata. The obtained results of 1.0% for MNIST (
p. Tab. II) and 9.0%for the new radiograph data show that the proposed methods generalizewell.
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Figure 7. Behaviour of Eu
lidean distan
e with respe
t to image shifts.
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Figure 8. Behaviour of tangent distan
e with respe
t to image shifts.
Naturally, the 
omputational 
omplexity of the proposed methodin
reases with the number of densities (i.e. Ik) in
reasing, with ker-nel densities being most expensive. Nevertheless, our experiments didnot aim at minimizing the 
omputational 
omplexity, instead re
ogni-tion a

ura
y was the most important goal. Computing single-sided/double-sided tangent distan
e in a kernel density setting takes aboutone respe
tively ten se
onds per image (on USPS as well as on IRMA,as the radiographs are bigger, but there are fewer referen
e images) ona Digital ALPHA 500 MHz CPU. Furthermore, algorithms to redu
ethe number of referen
es without loosing too mu
h 
lassi�
ation per-forman
e are known, among them editing and 
ondensing te
hniques[8℄.
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Figure 9. Behaviour of distortion distan
e with respe
t to image shifts, using aneighbourhood with r = 1.
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Figure 10. Behaviour of distortion distan
e with respe
t to image shifts, using aneighbourhood with r = 2. 7. Con
lusionIn this paper, we presented an invariant, mixture density based ap-proa
h to statisti
al image obje
t re
ognition. The e�e
tiveness of ourmethod was shown by applying it to the well known US Postal Servi
ehandwritten digits re
ognition task, as well as to a 
ompletely di�erenttask, 
onsisting of 1,617 medi
al radiographs. The obtained USPS errorrate of 2:2% (using the original USPS training and test sets) is the bestresult published so far on this parti
ular dataset. Given the diÆ
ultyof the task, the obtained error rate of 8:2% on the IRMA database ofs
anned radiographs is a very good result, too, proving the wide varietyof possible appli
ations of the proposed approa
h. On the USPS data,estimation of the proposed tangent 
ovarian
e matrix proved to beespe
ially e�e
tive, as well as using the proposed virtual test samplemethod. On the IRMA data it 
ould be shown, that the image dis-
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antly redu
ed the tangent distan
e error rate by
omputing distorted tangent distan
e. As neither of the datasets usedin the experiments features a development test set, the generalizationabilities of the proposed methods were shown by applying the best USPostal respe
tively IRMA system to two 
ompletely new datasets.Future work in
ludes the appli
ation of the proposed algorithms ina statisti
al image retrieval system, where the obje
ts dete
ted in animage will be used as image indi
es. First steps towards su
h a systemare presented in [1℄. Referen
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