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Abstract

The task of image recognition is very challenging due to many intra-class variations. Espe-
cially the example of face recognition offers many challenges such as illumination, facial ex-
pressions, occlusions or different poses. Many different approaches have been proposed such
as analyzing the sub-space spanned by face images, feature matching or three-dimensional
models. However the approach of two-dimensional warping is particularly suited for this task.
It defines a similarity measure between images that is very tolerant to local deformations and
can be used for nearest-neighbor classification, which allows mug-shot recognition.

In this thesis novel two-dimensional warping algorithms for image recognition within a
nearest-neighbor classification framework are proposed. The new algorithms maintain full
dependencies in both dimensions defined by a two-dimensional grid. This approach allows the
enforcement of geometric constraints such as Sakoe constraints. This is implemented without
sacrificing efficiency by relaxing the general two-dimensional warping criterion. During the
alignment of columns a lookahead inspired by Tree-Serial Dynamic Programming (TSDP) is
used.

The developed algorithms are evaluated and compared to state-of-the-art warping methods
on the task of face recognition. For this purpose the AR-Face and the CMU-PIE database
are considered. To raise the level of difficulty, the former is altered by introducing artificial
rotations. Experiments on both databases show the competitiveness of the novel algorithms
and the effectiveness of the lookahead.
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Chapter 1
Introduction

The term image recognition as a sub-field of pattern recognition describes the task of auto-
matically identifying an object or multiple objects within a given image. The image con-
taining the object to identify is usually called test image, the images used for training are
called reference or training images. Identifying in this context means that given a set of
possible classes, the correct one that the object belongs to has to be determined. In order
to do this, the between-class variations that characterize the differences between the classes
are utilized. This however is problematic, since also within the objects of the same class
many variations can occur. For instance color values of an object can vary significantly by
applying different illuminations, especially under natural conditions. Also rotations, trans-
lations or scalings can lead to different appearances of the same object. These and other
within-class variations are what makes the topic of image recognition challenging. On the
other hand considering the wide area of applications it is worth the effort. Image recognition
is used for optical character recognition, texture error detection or driver assistance systems
in the automobile industry. The example used in this thesis is the task of face recognition,
due to its many intra-class variations. There is a wide variety of facial expressions, from
anger to happiness, from smiling to shouting. Also the effects of aging, different hair-styles
and even plastic surgery can be an issue. Therefore, face recognition poses an especially
challenging task, leading to a very active area in the image recognition research community
[Gross & Shi™ 01, Zhao & Chellappa™ 03, Tan & Chen™ 06, Pinto & DiCarlo™ 09].
Consequently over the past several years, many different algorithms have been proposed to
solve the problem of face recognition. First of all, there are subspace-projection methods, such
as Linear Discriminant Analysis (LDA) [Belhumeur & Hespanha™ 97, Martinez & Kak 01]],
the Independent Component Analysis (ICA) [Shakhnarovich & Moghaddam 04 or the Prin-
cipal Component Analysis (PCA) [Turk & Pentland 91]. These methods create a subspace
from a set of training images into which a test image is projected for classification. Since they
are created from face images, these subspaces are often referred to as the face space. The
approach using the PCA is thereby from special relevance. It is one of the best known and
most used methods for face recognition. Since for this method the face space is spanned by
the eigenvectors of the covariance matrix of the training data the approach is also known as
the eigenface approach [Turk & Pentland 91]]. There are also several extensions to this such as
applying the PCA on a sub-pattern level [Tan & Chen 05]]. Similar to the eigenfaces for PCA,



the basis vectors of the subspace found by LDA are called fisherfaces [Martinez & Kak 01]).

Other approaches focus on the used feature space. There are methods based on Local
Binary Patterns (LBP) [Ahonen & Hadid™ 04]], a local feature that is computed by accumulat-
ing a histogram about the color value differences in a neighborhood. Other approaches use
features computed by Discrete Cosine Transformation (DCT) [Ekenel & Stiefelhagen 06|, or
SIFT/SUREF feature descriptors [Bicego & Lagorio™ 06, Dreuw & Steingrube™ 09] that are
based on histograms of gradients. The latter will be explained in more detail in
Elastic Bunch Graph Matching (EBGM) [Wiskott & Fellous™ 97] uses Gabor filters as fea-
tures but also allows for small local deformations.

Also more and more research is done on 3D face recognition [Scheenstra & Ruifrok™ 05].
For once there is a number of methods where the 2D recognition is supported by creating a 3D
model from a training set of face images and synthesizing new reference images in different
poses or illuminations. In [Blanz & Vetter 03] a morphable 3D model is trained using an opti-
cal flow algorithm, in [Zhang & Samaras 06]] a model is constructed using spherical harmonics
from just one training image and in [Zhang & Gao™ 08|] two training images, one frontal face
and one profile are used by minimizing the surface roughness while forcing equality on some
predefined constraining points in both training images. Other 3D recognition algorithms try
to use the 3D information more directly. In [Xu & Li™ 09], features are extracted on both, the
image containing the intensity values and the depth map. The used features are Gabor filters
that are reduced in dimensionality using LDA. The features from both inputs are then fused
into a single classifier using AdaBoost. In [Berretti & Del Bimbo™ 10] iso-geodesic stripes
are computed on the face using the depth information. A similarity measure between two
images for classification is then obtained by comparing the mutual displacement of each pair
of stripes within one image.

Another approach is image warping. The idea is to define a similarity measure between
two images by how well one image can be transformed to the other. Several methods us-
ing warping have already been proposed. Some are based on Markov Random Fields. In
[Arashloo & Kittler 09]] an energy function is defined using the distance between two pixels
as data term and a relative constraint on neighboring pixels as pair-wise term. For efficiency
reasons this function is first used block-wise, the results are then used to narrow down the
search in the exact image. A similar approach with improved structural constraints and oc-
clusion handling was proposed in [Gass & Dreuw™ 10]. Other approaches compute direct
solutions to a given warping model. The work in [Hua & Akbarzadeh 09]] searches pixel-wise
for the lowest matching costs in an absolute neighborhood. In [Keysers & Deselaers™ 07] a
model was proposed where each pixel is allowed to be warped by certain absolute distance.
In [Gass & Pishchulin™ 11] more sophisticated models are presented that rely on relative con-
straints and local dependencies between pixels.

It has been shown that using geometric constraints on warpings lead to an improved recog-
nition performance [Gass & Pishchulin™ 11]. However, two-dimensional constraints can only
be applied when two-dimensional dependencies are maintained during the computation. Most
warping algorithms maintain the dependencies only in one dimension, since two-dimensional



warping in general is NP-complete [Keysers & Unger 03]]. In this thesis, two new warping
models are introduced with the goal to incorporate dependencies between pixels in a two-
dimensional neighborhood. The latter allows to fully apply geometric constraints on the warp-
ings, such as the Sakoe constraints [[Uchida & Sakoe 98]]. The first model is a modification of
Tree-Serial Dynamic Programming (TSDP) [Pishchulin 10] that dissolves the independencies
of the column alignments that are present in TSDP. The second model divides the optimization
into a global and column level and will be extended by a lookahead inspired also by TSDP.
The new models are evaluated on two databases with an emphasis on a special subset of the
AR-Face database [Martinez & Benavente 98] and compared to state-of-the-art warping meth-
ods. It will be shown that the new algorithms are competitive regarding error rates, warping
scores and complexity.

The thesis is structured as follows. In the nearest neighbor based classification
framework is explained, followed by a theoretical background regarding two-dimensional
warping and a review of the warping methods already in use in [Chapter 3| In [Chapter 4|
the new algorithms are introduced. [Chapter 5|contains some notions on practical issues. [Chap}
fter 6]introduces the database on which in [Chapter 7| the evaluation of the warping methods is

performed. Finally, a conclusion will be given in|[Chapter 8]







Chapter 2
Classification Framework

This chapter describes the general framework in which the warping algorithms are used. It is
based on a nearest-neighbor classifier.

2.1 Nearest-Neighbor Classifier

The framework uses a simple 1-nearest neighbor classifier for the recognition. A given test
object that needs to be classified is compared to all objects in the reference database. Each ref-
erence object is assigned a score that measures the distance between the test and the reference
object according to some distance function. The result of the classification is then determined
by selecting the class of the reference object that is assigned the lowest score.

In our case, we have given a test image X = {x;;} with the width I and the height J and
are searching for the reference image R = {r,,} with the width U and the height V' that has
the lowest distance to X. This decision rule can be defined as follows.

¢ = argmin{min d(X,R,m)} 2.1)

The optimal class ¢ is found by minimizing over the distances d(.,.) between all images
R, ..., R.y of aclass ¢ and the test image X. For the distance function there are several
options. In this thesis the /; norm, i.e. the absolute distance is used. It is defined in
tion 2.2] where D is the dimension of the feature vector describing the pixels. For simple
gray-values, the dimension is equal to one but higher dimensional feature vectors will be used

for classification (cf. [Section 2.2)).

D

d(xija Tuv) = Z |x§lj - rgv’ 2.2
d=1

For some tasks it is helpful to include the local context when the distance is computed. The
distance between pixel (i, 7) and (u,v) then describes the distance of two n x n patches of
which (4, j) and (u, v) are the corresponding centers.



However, using the distance function directly is not very flexible. Translations, rotations
and other deformations that can occur within a class are not considered. To compensate this
drawback, two-dimensional warping is used to model these within class deformations. Instead
of applying the distance function directly to the input images, a matching between the two
images is computed along the way according to a specific warping model. The warping models
used in this thesis will be explained in [Chapter 3|and [Chapter 4]

2.2 Features

Instead of using the raw image data as features, feature descriptors are extracted from the
data in a preprocessing step. There are many possible descriptors available, such as Sobel-
[Jdhne 02f], DCT-[Ekenel & Stiefelhagen 06] or SIFT-Features [Lowe 99]. For this thesis, the
latter feature descriptors have been chosen, since they have the important property of being
rotation invariant and lead to good error rates [Dreuw & Steingrube™ 09].

The SIFT-Feature descriptor analyzes the gradients around the pixel to be described. The
different gradients of 4 x 4-areas are accumulated to histograms of the eight main orientations.
This is done for 4 x4 such areas. The result is a 128-dimensional feature vector. The invariance
regarding rotation is achieved by aligning the gradients according to the main orientation of the
image. The descriptors also offer invariance to illumination by normalizing the vector to unit
length. This operation compensates for different contrasts caused by different illumination.

In [Dreuw & Steingrube™ 09] also an up-right version of the SIFT-descriptor (U-SIFT) was
tested on image recognition tasks, which performed slightly better than the normal SIFT-
features. For this descriptor the alignment of the gradients according to the main orientation
is omitted. However, this sacrifices the rotation invariance of the descriptor.

When an image is processed, the SIFT-Feature descriptors are extracted at each position of
the 2D-Grid. This results in a high dimensional feature vector for each pixel. To reduce the
computational overhead these vectors are reduced to 30-dimensional vectors using Principal
Component Analysis [Ke & Sukthankar 04].



Chapter 3
Warping Algorithms

In this chapter, after introducing Two-Dimensional Warping in general, the already existing
warping algorithms are reviewed.

3.1 Warping in General

Given the test image X = {z;;} and the reference image R = {ry,}, the warping problem
defines the search for a mapping from each pixel in the test image to a pixel in the refer-
ence image according to some specific warping model. This warping mapping is defined in
[Equation 3.1

(i,5) = wi; = (ugj,vij) 3.1)

Each pixel (4, j) in the test image is assigned a pixel (u;j, v;;) in the reference image. The
latter is abbreviated with w;;. Combining all such w;; for each test pixel results in a set {w;; }
that captures the complete warping. In order to be able to comprise the structures in the test
image and avoid arbitrary mappings, dependencies between the warping of each pixel and
the warping of the neighboring pixels are defined, i.e. the warping of pixel (i, ) depends on
the warpings of its direct neighbors. Since the image is a two-dimensional grid, this leads to
two-dimensional dependencies (cf. [Figure 3.1). To capture all dependencies, for each pixel
two predecessors are considered, one in the horizontal and one in the vertical direction. These
dependencies are called first-order dependencies, since in both dimensions one predecessor is
considered.

min { Z [dij (U}Z‘j> + T(’wi_Lj, ’wid‘_l, wij)] } (3.2)

{wij} i

To find the best warping mapping with two-dimensional dependencies, the general warping
criterion is defined in It is composed of the sum over the distances between the
pixel (¢, j) and its mapping w;; plus the two-dimensional warping penalty T"(w;—1 j, w; j—1, Wij ).
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(a) Test image (b) Reference image

Figure 3.1: The test image is a two-dimensional grid. For each pixel a warping mapping in
the reference image is searched, depending on the warping mappings of the direct
neighbors. [Ney & Dreuw™ 10]

The latter is a function that penalizes large deviations in the mappings of (4, j) and its prede-
cessors in both dimensions. It can be decomposed into a vertical and horizontal component
[Ney & Dreuw™ 10].

T(wi—1,5,w; j—1,wi;) = Ta(wi—1,j,wij) + Ty (w; j—1,w;j) (3.3)

In this thesis, the Euclidean distance is used as penalty function (cf. and
[Equation 3.5)). By adding the vector (1,0) and (0, 1) respectively the warping is penalty free,
when the the warpings w;;, w;—1,; and w; ;1 have the same relative positions in the reference
image, as (,7), (¢—1, j) and (¢,  — 1) have in the test image. Otherwise the penalty increases,
the further the mappings are apart. The contribution of the warping penalty is regulated by the
weight factor a.

Ta(wi-1j,wij) = a-||lwi—1;+ (1,0) — wijl2 (3.4)
= Oé-\/(uz'—l,jJrl—uz‘j)QJr(vz 1)+ 0 —v5)?
Ty (wij—1,wi) = - |lwij-1+(0,1) —wgll2 (3.5)

. \/(um_1 +0-— uij)Q + (v” 1+1-— UU)

I
Q

Unfortunately, it has been proven that solving the minimization problem in is
NP-complete [Keysers & Unger 03]]. This leaves two options to tackle the warping problem



and find efficient solutions. The first option is to approximate a solution to The
second option is to relax the general warping criterion and solve the relaxation optimally. In
[Chapter 3|and [Chapter 4 we will see examples for both approaches.

3.2 Sakoe constraints

As we have seen in the previous section, the pixels in the 2D grid have vertical and horizontal
dependencies. That can be exploited to enforce relative geometric constraints on the warping
mapping. If two pixels p = (4,7) and ¢ = (¢, j') are neighbors in the test image, it is likely
that they belong to the same geometric structure. To maintain these structures, also their
mappings w, and w, should be close together.

In this thesis, the Sakoe constraints [[Uchida & Sakoe 98| are used for this purpose. They
are composed of two parts, the monotonicity and the continuity, which then again is divided
into a horizontal and a vertical part.

0 < wy—ui—1j <2 (3.6)

-1 S Vij — Ui—1,5 S +1 (37)

0 < vy —wi;-1<2 (3.3)

-1 < wy—wu;-1 < +1 (3.9

The monotonicity constraints, horizontal (cf. and vertical (cf. [Equation 3.8,

enforce that the position of the mapping for pixel (i, ) is always equal or greater than the
position of the mapping for pixels (¢ — 1, ) and (¢,j — 1). The continuity constraints (cf.
[Equation 3.7 and [Equation 3.9) allow a deviation of at most one pixel. This is illustrated in
for the horizontal constraints and for the vertical constraints. In both
cases, the black pixel in the test image is mapped onto the black pixel in the reference image
allowing nine possible mappings for the predecessor of the black pixel.

It is easy to see that the Sakoe constraints force pixels that are close in the test image to
be also close in the reference image. However, there are some restrictions. The monotonicity
does not allow mirroring of the objects. Additionally, only rotations of less or equal to 90
degrees, clockwise or counter-clockwise, can be modeled (cf. [Figure 3.4] and [Figure 3.5).
The horizontal constraints tolerate the predecessor of a pixel (i, j) to be mapped at most to the
position under (or over respectively) of the position (4, j) itself is mapped to. This corresponds
to a rotation of exactly 90 degrees. Due to the limited number of pixel skips allowed by the
Sakoe constraints, also scalings are limited.

A positive side effect of applying the Sakoe constraints is a reduction of runtime for algo-
rithms optimizing over possible predecessors of a pixel mapping. This is due to the reduced
number of predecessor candidates. Given a reference image of the size 64 x 64, without any
constraints, there are 4096 such candidates. However, when using the Sakoe constraints this
number is reduced to nine.




vO O O O OO O O O O O
JO O O O O O O O O O OO OO0 000 0o O OO0 OO0 O0
O ORN ORI ORNOANORNORNORNORNG) OO OO0 000 00 0o 0 OO0 O0
OO ORI ORI ORNCRNORIORNORN®) o O O O O O O O
OO0 OO0 0 e O OO0 0 O O O O O O O O O
O ORN ORI ORNORNORNORORNORNG) o O O O o O O O
CRNORNOCRNORNORN OO CRNORNG) OO OO0 000 o0 O OO0 OO0 O0
ORN OO ORNORNCRNORORNORNG) OO0 OO0 000 0000 0 OO0 O0
1(1) O O OO0 o 0o o0 o0 (I) 1(1) OO0 o0 00 OO0 o0 0 0 %

(a) Test image (b) Reference image

Figure 3.2: Horizontal Sakoe constraints and the nine possible mappings for the predecessor
of the black pixel. [Ney & Dreuw™ 10)]
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Figure 3.3: Vertical Sakoe constraints and the nine possible mappings for the predecessor of
the black pixel. [Ney & Dreuw ™ 10)]
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Figure 3.4: Rotation of at most 90 degrees clockwise.
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Figure 3.5: Rotation of at most 90 degrees counter-clockwise.
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Figure 3.6: Zero-Order Warping: The mapping of pixel (i,7j) is restricted only by the
warprange A.

3.3 Zero-Order Warping

The Zero-Order Warping (ZOW) [Keysers & Deselaers™ 07] is the direct implementation of
the zero-order model, where no dependencies between the warpings of the pixels in the test
images are considered. Since there are no first-order dependencies at all, each pixel (i, j) in
the test image is mapped independently from all other pixels. For this purpose, the pixel (4, )
is compared to each pixel in the reference image and the reference pixel leading to the lowest
score is selected as a fixed decision. Thereby, the range of the possible mapping candidates
(u,v) is restricted by a warprange A, such that each pixel can not be warped further than

allowed by the warprange (cf. [Equation 3.10).
lu—i <A A Jv—3 <A (3.10)

illustrates how the ZOW works. The pixel (7, j) is mapped onto the pixel w;; =
(u, v), which is located within the warprange A around the original location of (4, j) indicated
by the black pixel.

The lack of first-order dependencies also leads to an absolute warping penalty. The penalty
T'(w;j) is determined by the absolute distance between (i, j) and w;;. This already unfolds
the weakness of the ZOW. Strong translations, rotations or scalings of an object can either
not be compensated at all, due to a limited warprange, or will cause high penalties. The
absolute constraints also make it difficult to compute good warpings for images with different
dimensions. On the other hand, the ZOW is very fast. The complexity is given by I - J - A2,
since for each pixel (i, j) an area of the size A x A has to be searched for the lowest distance

12



of the pixel values. If the warprange is unlimited, this leads to a worst case complexity of
I-J-U -V, whichis still very efficient compared to the other methods.

3.4 Pseudo Two-Dimensional Warping

The Pseudo Two-Dimensional Warping (P2DW) is a model that implements the first-order
dependencies in a simplified form. Originally based on hidden Markov models (HMM)
[Kuo & Agazzi 94, Keysers & Deselaers™ 07, it combines all pixels within the same column
and then maps the resulting super-pixels. This means that one column in the test image is al-
ways mapped onto another complete column in the reference image. For this mapping column-
wise horizontal first-order dependencies and the monotonicity of the Sakoe constraints is en-
forced. Let u; be the column that ¢ is mapped on. The constraints on the column-wise mapping
are then given by the following formula.

0 S ui—ui_1§2 (3.11)

Since the vertical dimension is reduced to one during the column mapping, the continuity
constraints are not needed. On column-level, when column ¢ is mapped onto column w;, the
best mapping of the pixels in column 7 onto the pixels of column u; is computed, influenced by
the vertical first-order dependencies. Here again the monotonicity of the Sakoe constraints is
applied. This division of a column-wise mapping with a nested best vertical column mapping
allows to divide the warping penalty function in the following way [Ney & Dreuw™ 10].

T(wi—1,5, Wi j—1,Wsj) (3.12)
= T(wi—1, U, Vi j—1,Vij) (3.13)
= T(ui_l,ui) +T(v,~7j_1,vij) (3.14)

Thereby T'(u;—1,u;) is the horizontal penalty for the transition from one column to the
next, while 7°(v; j_1,v;;) is the vertical penalty within a column mapping. The division into
a global and a column level is also reflected in the new optimization criterion for the P2DW
[Ney & Dreuw™ 10)].

min { Z [dij(wz‘j) + T(wi—1,5, Wi j—1, wij)]}

{wij} i

= min { Z [Cli]’(ui, Uij) + T(ui_l, Ui, V4 5—1, Uij)} } (3.15)
{uiviz} i

= I{Iilr}l{ : g}llﬁ { EJ: [dij (i, vig) + T(uiz1, ui) + T(vij—1,v35)] }} (3.16)
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Figure 3.7: Pseudo Two-Dimensional Warping: Columns are treated as super-pixels and
mapped onto other complete columns. Within the columns the vertical Sakoe
constraints are enforced.

First, the inner minimization of optimizes the within column mappings, then
the outer minimization optimizes over the selection of the columns. Originally, the P2DW
also applied boundary constraints, such as forcing the first column of the test image to be
mapped onto the first column of the reference image [Keysers & Deselaers™ 07]. As shown
in [Pishchulin 10], applying boundary constraints limits the warping mappings and leads to a
reduced recognition performance. Therefore, no boundary constraints are used in this thesis.

Additionally, forcing columns to be mapped on complete columns significantly restricts
the possible warping mappings. While translations or scalings can still be handled, rotations
can not be compensated, since this would require pixels of the same column in the test im-
age to be mapped on pixels in different columns in the reference image. For this reason, in
[Pishchulin 10] a First-Order Strip Extension (FOSE) is introduced, allowing also horizontal
deviations during a column mapping by a constant of A.

The principle of the P2DW and the strip extension are shown in |Figure 3.7|and [Figure 3.8|
demonstrates a possible warping of column 7 given the mapping of column ¢ — 1
using the P2DW. All pixels belonging to ¢ must be mapped onto the same column in the ref-
erence image and must be mapped within the vertical monotonicity constraints. In
the difference caused by the strip extension is visible. Now, also a deviation within the defined
window is possible.

Since the P2DW-FOSE easily outperforms the basic P2DW [Pishchulin 10], only the P2DW-
FOSE will be considered. The approach leads to a model that can be solved efficiently by
dynamic programming.
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Figure 3.8: Pseudo Two-Dimensional Warping with first-order strip extension: Also devia-
tions within a defined strip are possible.

The overall complexity is composed of the following parts.

e 3.-U - I for the global level. For each pair of test and reference column the score needs
to be computed given the possible predecessors. Due to the Sakoe constraints, there are
3 predecessors possible over which the minimum has to be determined.

e 9-(2A+1)-I-J-U-V for the column level. To compute one column matching, a
dynamic programming table of the dimension (2A + 1) - J - V' is used, where one entry
holds the costs of mapping the j-th position of the test column onto the v-th position
of the reference column with a given horizontal deviation. The additional factor of 9 is
due to the optimization over the predecessors.

Combining complexities listed above, the total complexity of the P2DW-FOSE is given by
3-U-I14+9-2A+1)-1-J-U-V.

3.5 Tree-Serial Dynamic Programming

The Tree-Serial Dynamic Programming (TSDP) [Mottl & Kopylov™ 02] is another relaxation
to the general warping criterion (cf. with the goal to maintain first-order depen-
dencies. The idea is to decompose the 2D grid into a set of trees. The trees are constructed
by discarding all vertical dependencies except for one column. This is done for each column
leading to a set of I trees. Each tree is then optimized independently leading to an alignment
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Figure 3.9: Tree-Serial Dynamic Programming: The grid is decomposed into a set of trees,
which are then optimized independently. [Ney & Dreuw™ 10]

for that specific column. The procedure is illustrated in When optimizing col-
umn %, the tree in |[Figure 3.9(b)|is considered. This can be computed efficiently by dynamic
programming, since all cycles are removed.

A major advantage of this approach is that the tree must not be optimized from scratch for
each column. By using one forward and one backward run of dynamic programming, the
branches can be optimized at once. The results are simply stored in a look-up table which is
consulted when the columns are optimized. The formulas for computing these look-up tables
are given in|[Equation 3.17|and [Equation 3.18|[Pishchulin 10, [Ney & Dreuw™ 10].

Hp (i%, j,wij) = min { > [dij(wij) + T(wiﬂ,j,wij)]} (3.17)
wij,<t —
1<g*

HR(Z.*7j, wi*j) = mlg* { Z[d”(w”) + T(wi,l’j, wij)]} (3.18)
wij,i>1 —
1>*

While Hy, is the look-up table for the branches left from the column to be optimized, Hr
contains the entries for the right part. In both tables, for each column ¢* and each position j in
that column, there is an entry for each possible mapping w;+; that contains the minimal costs
for the rest of the row. Accumulated over the complete column, these scores can be interpreted
as some kind of lookahead that gives information about the approximate costs of the rest of
the image. The columns are then optimized using [Pishchulin 10]. Additionally
to the distance and warping penalty, now also the forward and backward scores Hy, and Hg
are used.
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min { Y ldinj(wie 3) + T(wis jo1, wing) + Hi (%, j, wiej) + Hr(i* j, wz‘*j)]} (3.19)

In the original version by [Mottl & Kopylov™ 02] the set of possible warpings w;; for a
pixel (i, 7) was restricted by an absolute warprange similar to the warprange of ZOW. How-
ever, in [Pishchulin 10] this was changed to using relative constraints, i.e. the Sakoe con-
straints.

As already mentioned earlier, exploiting the fact that the tree branches can be computed by
a single forward-backward run of dynamic programming leads to an efficient warping model.
In more detail, the complexity is defined by the following points.

e [.J-U-V -9 forthe backward run in the tree branch computation.
e [.J.-U-V .9 forthe forward run in the tree branch computation.
e I.J.-U-V.9foroptimizing the columns.

As result, the overall complexityisatl-J -U -V - 27.

3.6 Sequential Tree-Reweighted Message Passing

In contrast to the previous warping algorithms, the Constrained Sequential Tree-Reweighted
Message Passing (CTRW-S) is an approximation to the general warping criterion in
The criterion can be seen as energy function £(X, R, {w;;}) depending on the refer-
ence image R, the test image X and the labeling {w;;}. To find the labeling that minimizes
this function the message passing algorithm can be used. Given a graph G corresponding to
the problem at hand, the message passing algorithm minimizes the energy by iteratively pass-
ing messages from node to node. In our case, the underlying graph G is defined by assigning
each pixel of the test image a node that is connected to each node corresponding to a neighbor-
ing pixel. However, since this graph is cyclic, a special variant of message passing is used, the
Tree-Reweighted Message Passing [M. Wainwright 02]]. If G was a tree, the message passing
algorithm would need two passes, one inward from the leaves to the root and one outward
from the root to the leaves [Kolmogorov 06]. During one pass, messages of the following
form are passed along a tree branch, where p, ¢ and r are nodes in the graph.

Mpq(wg) = I?Uipn{dp(wp) + Tpq(wp, wq) + My p(wg) } (3.20)

The message M, ,(w,) from p to g is sent for each possible labeling w,, informing ¢ about
the minimal costs of the tree branch so far, in case ¢ is mapped to w,. This minimal cost is
composed of the distance dp(w,) of p and wy, the warping penalty T}, ,(wp, w,) when g is
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mapped to w, and p is mapped to wy, and the message M, ,(w,) from r, the predecessor of p,
to p, which then again holds the costs of the tree branch until r. Note that this corresponds to
a forward and a backward pass of dynamic programming. The solution can then be found by

minimizing over the marginals ®,, (cf. [Equation 3.21J) for each p.

Pp(wg) = dp(wp) + Z Mg,p(wp) (3.21)
q€N (p)

Thereby N (p) is the neighborhood of p, i.e. all adjacent nodes in the graph.

However, for two-dimensional warping G is not a tree but a cyclic graph. To apply the
algorithm, the graph is decomposed into tree-like subproblems. The message passing is then
applied to each sub-problem and in the next step the minimal marginals are forced to agree by
node averaging [M. Wainwright 02]]. By summing up the energies of the subproblems, a lower
bound of the energy for the actual problem is found. In order to guarantee the property that in
each iteration the lower bound does not decrease, the algorithm is altered in [[Kolmogorov 06].
A total order on the nodes is introduced and the message passing and node averaging are done
sequential for each node (TRW-S). For an efficient implementation, Kolmogorov also limits
the set of trees to monotonic chains. In this case, the messages towards a node do not need
to be updated. Therefore it is sufficient to keep only one message per edge in the memory.
In [Gass & Dreuw™ 10] this algorithm has been further restricted to implement the Sakoe
constraints resulting in the Constrained TRW-S (CTRW-S). The complexity of the CTRW-S
can be described as follows.

e I.J.9.-U -V forupdating the messages for each pixel in the image.
e 2 passes per iteration, one forward and one backward.

Let N be the number of iterations, then this leads to a total complexity of N-2-1-J-9-U-V.
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Chapter 4
Two-Dimensional Warping Algorithms

In this chapter, two fully two-dimensional warping algorithms will be introduced. Starting
with a Sakoe constrained version of the TSDP followed by an algorithm called Two-Level
Dynamic Programming and its variants and extensions.

4.1 Constrained TSDP

Previously we have seen the Tree-Serial Dynamic Programming (cf. [Section 3.5)), where for
each column a tree-structure was optimized. Thereby, the horizontal and vertical dependencies
were used in a sequential fashion in two steps. During the construction of the tree branches, the
horizontal dependencies are used, while the vertical dependencies appeared in the alignment
of the columns. However, since each column is optimized independently of the others, there
are no horizontal dependencies between the columns. In the final warping, the horizontal
dependencies are only considered implicitly by the use of the trees. Therefore the Sakoe
constraints can only be applied partially to the TSDP, i.e. only the vertical Sakoe constraints
are enforced in the final warping. The now introduced constrained TSDP (C-TSDP) is a
modification to the TSDP, such that all the Sakoe constraints can be enforced.

The algorithm works in two phases. At first, the tree branches are computed with one
forward and one backward run of dynamic programming. This phase is identical to the TSDP.
In the second phase, the columns are aligned, i.e. for each pixel (i, j) the corresponding pixel
wj; in the reference image is searched. The phase begins by picking one column i, as starting
column. This first column is then aligned just as it is done in the TSDP. However, the rest of the
columns is aligned differently. Since we picked one column and already fixed the alignment,
the two neighboring columns ¢5 4+ 1 and ¢ — 1 can be aligned given the alignment of column
is. This allows to consider the horizontal dependencies and to enforce also horizontal Sakoe
constraints. After the two neighbors of i, are aligned, there is now for column i + 2 a fixed
alignment of column ¢5 + 1 that can be used to apply the horizontal constraints. Accordingly
for ¢ — 2 the alignment of column ;s — 1 can be used. Analogously, all other columns can be
processed given the alignment of their neighbors.

The method is illustrated in At first the red column iy is aligned. Then the
neighboring columns ¢; — 1 (green) and 5 + 1 (blue) are aligned and so on.
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Figure 4.1: Constrained TSDP: Column i, in the test image is aligned first by finding
corresponding pixels in the reference image [(b)l Then the neighbor columns are
aligned one by one.

If we recall the formulas for the TSDP (cf. [Equation 3.19), only the following changes need
to be applied. For the starting column 7, the same formula is used.

min { Z[disj(wiS,j) + T(wi, j-1,wij) + Hr(is, j, wi.j) + Hr(is, J, wisj)]} 4.1
J

Wigj

However for all other columns the optimization is altered in|Equation 4.2| and [Equation 4.3|
Instead of using the branches in both directions, only the branches in one direction are used,
since for the rest, we have an already fixed alignment from the previous columns. The warping
penalty on the other hand now includes the horizontal predecessor.

Vit > g 11111}_111{ E [diwj(wir j) + T (wir j—1, Wir—1,5, wirj) + Hr (i, j, wi*j)]} 4.2)
i*j 3
J

Vi* < is gnn { E [di*j(wi*,j) + T(wi*7j_1, ’U~}l‘*+17j, wi*j) + HL(i*,j, wi*j)]} (4.3)
1*g )
J

Although with this modification of TSDP horizontal and vertical dependencies are consid-

ered, due to the hard decisions after each column no efficiency is lost. In detail, the complexity
is composed of the following parts.

e [.-J-U-V -9 for the forward and backward run in the tree branch computation as
with TSDP. In TSDP this complexity is counted twice, once for each run of dynamic
programming. However in this case, not all forward and backward scores are needed.
Only the forward score from 1 to ¢ and the backward scores from [ to i, are used.
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e [.J-9.9 for the alignment of the columns. For each column, each pixel in that column
needs to be aligned. But since now a predecessor is given, there are only 9 candidates
for each such pixel due to the Sakoe constraints. Additionally, there are 9 candidates
for the previous vertical pixel.

Overall, this leads to a complexity of [-J-U -V -941-J-9-9, which is even less than for the
TSDP. However, this approach is very heuristic. The alignment of the first column strongly
influences the alignment of all other columns. Again the tree branches serve as look-ahead
and look-before respectively, since they give us an estimate of the future that is not aligned
yet.

4.2 Two-Level Dynamic Programming

The Two-Level Dynamic Programming (2LDP) is another warping method with the goal to
maintain the horizontal and vertical first-order dependencies and enforce the Sakoe constraints.
Similar to the previously introduced P2DW, the 2LDP divides the general warping criterion in

into a global and a column level [Ney & Dreuw™ 10].

{Izullli { Z [dij(wij) + T(wi—1,j, wij—1, wz’j)]} 4.4)
J ’L,j
el (S]] s
J 3 2 ]

b {wio g y={w;}

For the inner minimization of the resulting leveled warping criterion in the
column 1 is fixed and the optimization is done for all sequences {w;} and the predecessor
sequences {w; } for the previous column ¢ — 1. The notation wj; instead of w;; emphasizes the
fixation of ¢. The outer minimization is done over the columns. This division into two levels
simplifies the computation of the warping mapping. On the other hand, the equality from
[Equation 4.4]to[Equation 4.5|is not exact. Optimizing is therefore a relaxation of
the general warping criterion.

As the minimization is done over the complete sequences {w; } and {w; }, the complexity
is still exponential in J and therefore infeasible for practical applications. To overcome this
high complexity, the key feature of the 2LDP is a restriction to a representative point w = w;+
over which the optimization is performed. The representative is defined by a specific row j*
that is naturally set to .J/2 since this is expected to be the most important point during the
optimization. However, also other values from 1 to J are possible. This idea is illustrated in
Considering column i the representative is given by the black pixel (¢, j*) in the
test image (cf. and w;;+ in the reference image (cf. [Figure 4.2(b)). The mapping
of column ¢ is optimized given the possible predecessors. The result is a set of paths in the
reference image, one for each possible representative w;;+. Since during the optimization
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(a) Test image (b) Reference image

Figure 4.2: 2LDP: The optimization is done in two levels, a global and a column level. To
avoid exponential complexity optimize over representative wj;«.

of a column the predecessors are already computed, the Sakoe constraints can be applied.
The first-order dependencies are demonstrated in They are considered in both
dimensions, however for the horizontal dependencies, the real optimization is only done for
the representative row indicated by the dotted lines.

In the next section, the algorithm will be explained in more detail.

4.2.1 Dynamic Programming

To solve the optimization dynamic programming is used. First, the following notation is
introduced. For a given column i, w{ denotes the complete sequence of the mappings of all
pixels in that column. Analogously u?f denotes the sequence for the predecessor column.

wi = {wi, .., wis} (4.6)
@0 = w1, wisg} 4.7
The two-level optimization criterion (cf. can be solved with the following
dynamic programming recursion [Ney & Dreuw™ 10].
Diw!) = min{D(—1,9) +d(i, 5], w])}, (48)
wy
di,of ,wi) = Y [dij(wy) + T(@j, wj—1,w))] (4.9)

J

D(i,w{) represents the global level, while d(i, w{,w{) represents the column level. As

can be seen in the global level, the minimization is done over the complete sequence wy.
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Assuming there are W options for each wj, this leads to a complexity of I-.J - W2/ The global
dynamic programming table has a complexity of I- W, since for each column i there are 1V’
options for the sequence wlj . For each entry in this table the minimization has a complexity
of J - W, since it is done over all possible predecessors. In case the Sakoe constraints are
applied, there are only nine possible predecessors for each pixel, but the complexity is still
exponential in J. As already mentioned, this complexity is reduced by optimizing only over
one representative. In detail, instead of considering the complete sequence wy, only one
w;« is selected for the minimization. In order to adapt the dynamic programming recursion
accordingly, first a new auxiliary data structure needs to be defined [Ney & Dreuw™ 10].

@f(i,w) := arg min { min {D(i —1,@) + d(i, @) (i — 1, ), w{)}} (4.10)
le:wj* =w w
This data structure (cf. contains for each pair of column ¢ and representative

w the best path of mapping column 7 to the reference image, where the representative is
mapped on w. This is achieved by computing the best path given the possible predecessors
and storing the path rather than the score. Now the dynamic programming recursion can be
altered [Ney & Dreuw ™ 10].

D(i,w) = mjn{D(i—l,@D)—i—J(i,w,w)} @.11)

- m;n{D(i—1,w)+ min {d(z‘,w{(z‘—Lw),w{)}} 4.12)

Joony o —
wy .’LU]*—’LU

The optimization is now done only over w leading to a much improved complexity. While
the global dynamic programming table D(i,w) now has a complexity of I - U - V, for each
entry a minimization over the predecessors of the representative has to be done, which has
a complexity of W and nine for the Sakoe constraints. This is illustrated in that
demonstrates the dynamic programming implementation of the global level. Considering en-
try (7, w) marked blue in the three-dimensional table, the Sakoe constraints allow nine pre-
decessors marked in the gray. For the entry (i, w) the best path of mapping column ¢ where
(,7%) is mapped onto w is computed for each predecessor. Out of these nine paths, the best
path is chosen and stored in the auxiliary data structure, while the corresponding best score
global dynamic programming table.

In order to be able to trace back the decisions in the end, also the transitions from one
column to the next are stored in a trace back table. In the final step, the score of the optimal
warping can be found by minimizing over the entries in D for the last column.

score = min{D(I,w)} (4.13)

The warping itself can then be read from the auxiliary data structure for the single paths and
the trace back table. The value of the minimal entry for the last column is also the overall cost
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Figure 4.3: Global level of the 2LDP: Each entry (i, w) in the three-dimensional dynamic
programming table corresponds to the best path of mapping 7 such that w;;« = w,
given the nine predecessors.

of the final warping. The next two sections describe how the table D is filled in detail, starting
with the initialization, where the entries D (1, w) are computed.

4.2.2 Initialization

During the initialization there are no predecessor paths. That means the best paths for all
possible mappings of the first representative (1,;*) have to be found. Since there are no
restrictions other than the vertical Sakoe constraints on the first column (¢ = 1) of the test
image, every pixel of the reference image is such a possible mapping. This means, for all
pixels (u,v) the best path where (1,;*) is mapped onto (u,v) has to be computed. To do
this in an efficient way, dynamic programming is used. First, a bottom-up run from 1 to j*
is performed, where for each j € {1,...,j* — 1} the best path through each pixel (u,v)
is computed. The same is done for each j € {J,...,j* 4+ 1} in a top-down fashion. As
a result, we get two look-up tables that encode for each (u,v) the best path where j* + 1
and j* — 1 respectively are mapped onto (u,v). The best paths for j* can now easily be
computed by connecting the two best paths. The process is illustrated in For the
j*-layer of the three-dimensional dynamic programming table, every pixel (u,v) is selected
once as representative. The best path through this representative can be read from the next and
previous layer respectively.

Overall, this leaves us with a complexity of 9- U - V - (J — 1) for the look-up tables, since
for each j-position except j*, each (u, v) is considered and optimized over the 9 predecessors.
Another 9 U -V is added for putting together the final paths, leading to atotal of 9-U - V - J.
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Figure 4.4: Initialization phase of the 2LDP: One bottom-up and one top-down run towards
J* create two look-up tables from which the best path is computed for each w;.

4.2.3 Column-level

After the initialization, the global dynamic programming table D (i, w) is filled for all 7 > 1.
As mentioned earlier, when computing the score for one entry (7, w) and its corresponding
path, all nine predecessor paths have to be considered. Since the computation of the current
path depends on the predecessor, nine paths have to be computed of which the best one is
chosen. However, all neighboring entries regarding w share some of the predecessors. This
fact can be exploited to avoid having to recompute all nine paths from scratch for each entry.
Instead, for one predecessor, the dynamic programming tables are computed similar to the
initialization phase, except that now the possibilities for each j position are greatly reduced
due to the dependency on the previous path and the Sakoe constraints. This is illustrated in
The predecessor path is given by the black connections. For each j, the Sakoe
constraints allow for the next path to be positioned within a field of nine successors. The two
look-up tables, one for the bottom-up and one for the top-down run are computed again until
the representative is reached. Now both tables can be used to compute nine successor-paths at
once. The complexity of one of such computations is given by 9-9 - J, since for every j, there
are nine possibilities and a minimization over the nine predecessors is performed.

4.2.4 Complexity
The overall complexity is now composed as follows.
e 9.-U -V . Jfor the initialization.

e 81-J-1-U -V for the column-level after the initialization.
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Figure 4.5: 2LDP on column-level: Similar to the initialization two look-up tables are com-
puted, however now they are restricted by the predecessor path.

e 9.1.U -V for determining the best paths.
The result is a complexity of 9-U -V - J4+81-J-1-U-V4+9-1-U-V.

4.3 Restriction to u-component

In the basic version of Two-Level Dynamic Programming, the optimization is performed over
the complete w = (u, v). One way to simplify this is to restrict the optimization in the global
level only to the u-component of w (2LDP-U). On the one hand, this modification leads to a
much improved complexity. On the other hand, it allows to draw conclusions about whether all
the candidates considered by the basic 2LDP are actually necessary. To apply the modification,
the [Equation 4.10|and [Equation 4.11|are altered in the following way.

T L . . .- ST 1~ J
ay (i,u) = argwijzﬁm(u“){mﬁm {D(z 1,a) + d(i, wy (4 l,u),wl)}}(4.14)
D(i,u) := min {D(i —1,a) + J(i,a,u)} 4.15)

_ mf}n{D(i—l,&)—i— i ){d(i,w{(i—l,ﬂ),w{)}} (4.16)
wi wjx=(u,.

The w as representative and its predecessors w are replaced by simply v and @ respectively.
Note that when specifying the mapping of the representative in the auxiliary data structure
to describe the best paths, the v-component is not specified. This means that v is still vari-
able. Neighboring representatives can still be mapped to pixels with different v-components.
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Figure 4.6: Global level of the 2LDP-U: The three-dimensional dynamic programming table
is reduced to a two-dimensional table. However, each entry can have a different
value for the v-component.

These variable options for v are just not included in the optimization. For each w option
there is just one fixed option for v. demonstrates the alterations on the global
level. Instead of nine predecessors, there are now only three predecessors to chose from. The
three-dimensional table is reduced to a two-dimensional table.

The advantage of applying this simplification is a decrease of complexity. By discarding
the v-component in the global optimization, the factor V' disappears in the complexity for the
global level. This leads to a global complexity of only 3 - I - U.

As a disadvantage, the computed score is likely to be not as good as with the base version
of the 2LDP, since we significantly reduce the number of candidates we consider in each step.

4.4 Local-Best

Another possibility to restrict the 2LDP is to apply the local-best selection strategy (2LDP-
LB). When considering entry (i, w) in the global dynamic programming table of the 2LDP,
nine paths are evaluated, one according to each predecessor. Each of these paths leads to a
score, the path with the best score is selected. Note that these scores are composed of the score
for the predecessor plus the additional costs for the new path. With the local-best strategy, only
one predecessor and its path is considered, i.e. the one that has the best score without the costs
of the new path. This is illustrated in From the nine possible predecessors, one has
the best score and is therefore chosen immediately.

To apply the local-best strategy, the minimizations in the 2LDP-formulas (cf.
and have to be changed. They are now done only over the predecessor entries
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Figure 4.7: Global level of the 2LDP-LB: The predecessor with the best score is chosen im-
mediately.

in the global table D without adding the column-score for the new path.

@f(i,w) = arg min {m;n{D(i—1,@)}+d(z‘,w{(z‘—1,w),w{)}(4.17)
D(i,w) = mjn{D(z'—1,w)}+d(z',w,w) (4.18)

- m;n{D(z'—1,w)}+ min  {d(i, &7 (i — 1,@),w{)}  (4.19)

w wi]:wj* =w

The complexity of the global level remains unchanged, since still for each entry of the global
dynamic programming table a minimization over the predecessors has to be done, even though
the new paths are not considered anymore during that minimization. On the column level
however, there is a slight difference. Let A be the number of different local best predecessors,
in the worst case A = I - U - V. Since only the successor paths of the local best predecessors
are needed, the complexity of 81 - J - I - U - V for the column level after the initialization is
reduced to 81 - J - A. For the worst case the complexity is again the same as for the original
2LDP.

4.5 Strip-Restriction

While the Pseudo-2D warping model is extended by the First-Order Strip Extension, the same
idea can be applied to the Two-Level Dynamic Programming, only that in this case it is rather
a strip-restriction (2LDP-S) [Ney & Dreuw™ 10]]. The 2LDP in general allows arbitrary paths
through the reference image. However, in case it is known in advance that the objects to
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be warped are relatively well aligned, one can restrict the paths to be placed within a strip
defined by a strip-width around the representative. This restriction forces the paths to be
oriented vertically and excludes paths with large horizontal deviations. To formalize this, for
each path wy the following restriction is enforced.

Vie{l,...,J}: jue —uj) <A (4.20)

For all j-positions, the u-component of w; is allowed to differ by at most A from the u-
component of the representative. Thereby, A defines the strip-width, i.e. the absolute width
of the strip is given by (2A + 1). In the dynamic programming formulas, the optimization of
the column level needs to be adapted, such that it is done only over those sequences that fulfill
IEqg 4.20

D(i,w) = mjn{D(i—l,w)+d(i,w,w)} “21)

w

- mjn{D(i—l,tZ))+ min {d(i,wlj(i—l,ﬁ)),wlj)}} 4.22)

w wi]:wj* =w

[y —uj [ <A

The effect of the strip-restriction is illustrated in for the initialization phase,
where the impact is the strongest. The first column needs to be mapped to the reference image,
where each pixel in the reference image is tried once as representative. For wy« there are
several possible paths (cf. [Figure 4.8(b)), of which the cost minimal is chosen. The possible
paths are only restricted by the vertical Sakoe constraints, apart from that they can have any
form. If now a strip-restriction with A = 1 is applied, the set of possible paths is altered (cf.
[Figure 4.8(d)) and the paths are forced to exhibit a smaller horizontal deviation.

One disadvantage of the strip-restriction is an increase in complexity. This is due to the
nature of the dynamic programming tables. Consider for example the initialization of 2LDP
(cf. [Section 4.2.2)). All paths for the initializations are computed by generating two look-up
tables of dimension J/2-U-V running towards the representative. Each entry is optimized over
nine predecessors and for all possible w1« the corresponding paths are computed by selecting
the optimal paths in reach of w1 j~ from the look-up tables. Unfortunately, this procedure is not
possible anymore with the strip-restriction, since now each entry of the look-up tables needs
to depend on the strip defined by the representatives. This means that the same look-up tables
can not be used for each possibility wqj+ anymore. To be precise, only those wy;« with the
same v component can be represented by the same look-up tables. Therefore, the complexity
of the initialization is increased by a factor of U. On the other hand, for each different u as
value for the u-component of w j«, not the full tables (size J/2 - U - V') are needed. Instead,
the U part can be replaced by the overall strip-width, leading to a size of J/2- (2A +1) - V.
In summary, the overall complexity for the initialization is J - (2A 4+ 1) - V - U. The same
considerations can be done for the column-level following the initialization.
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Figure 4.8: 2LDP-S in the initialization phase: In 2LDP the alignment of the first column of
the test image [(a)] does have several options that are only restricted by the Sakoe
constraints [(b)] With the strip-restriction, the horizontal deviation of the align-
ments for the first test column [(c)]is restricted by a strip-width [(d)|
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Figure 4.9: Lookahead: Use branches of a backward run of dynamic programming to get an
estimate of the rest of the image.

4.6 Lookahead

Considering the basic version of 2LDP, the warping is computed column-wise. For each col-
umn ¢ several candidates depending on their representatives are generated. During the genera-
tion of one such candidate, the nine predecessors are considered. For these nine predecessors,
all columns from 1 to ¢ — 1 are already aligned and fixed. The alignment of the current col-
umn ¢ is therefore influenced by all previous columns. However, the rest of the image, i.e.
all columns from ¢ 4 1 to I have no direct influence on the alignment of column ¢. Only
during the candidate selection at the end of the optimization procedure there is an influence
of the alignments of the following columns onto 7. As a result, the alignment of column % is
optimized only regarding the previous columns. This might be too greedy and locally good
decision can lead to globally bad results in the end. This is problematic, since due to the Sakoe
constraints it takes a long time to compensate a bad decision.

A solution to this problem is inspired by TSDP (cf. [Section 3.5). When a column is aligned
with TSDP, there is no information about the other columns available. Therefore, a forward
and a backward run are used to get an estimate on the costs for the rest of the image. Something
similar can be done for 2LDP. Since the warpings for the previous columns are already given,
a backward run from the last column to the first can be used as lookahead (LLA) to align
the columns given the estimated costs of the following columns. This is demonstrated in

During the alignment of column 4, the rest of the warping (gray area, [Figure 4.9(a))

is unknown. Therefore the branches computed by the backward run from I to ¢ are used as

lookahead (cf. [Figure 4.9(b)).
The new lookahead is defined as given in and equals to the formula for the

backward run performed during TSDP (cf. [Equation 3.18)). For any j-position in the current
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column ¢*, the lookahead corresponds to the mapping of the rest of this particular row that has
the lowest costs given the distances and penalties.

DLA(i*’j, wz’*j) = min { Z [dij(wij) + T(wi_l,j, wij)] } (4.23)

{wij,i>i*} P

The next step is to adapt the dynamic programming formulas of the 2LDP (cf.
to include the lookahead. First of all, the lookahead is included when the paths
are computed. The auxiliary data structure storing the paths therefore includes a term for the
lookahead. The cost of the path for column ¢ going through w as representative is extended
by the cost of the lookahead-scores for each j-position.

@(i,w) = arg min {mjn{D(i—1,w)+d(i,wi](i—1,w),w1‘])

Jolow = w
Wy Wk =w

73 Dralic. wij)}} (4.24)

J

The three terms in [Equation 4.24]each account for one part of the image. D(i — 1,w) holds

the costs for everything up to column 4, d(i,w{ (i — 1,),w{) the costs for column i itself

and }; Dpa(i, j, wij) the costs for the following part of the image. The influence of the
lookahead can be regulated by the parameter . The effect of this auxiliary data structure is
that the paths are now aligned using the lookahead scores. However, these new costs should
also be used in the candidate selections on the global level. Thus the dynamic programming

formulas (cf. are altered again.

D(i,w) = mjn{D(i—l,w)+d(i,w{(z’—1,w),w{(i,w))} (4.25)

When the decision for entry (i,w) is made, the minimization is again done over the pre-
decessors. For that purpose, now the costs of the predecessor stored in the global dynamic
programming table D plus the costs of the new path, computed with the lookahead scores,
given the predecessor are considered. The lookahead scores are only considered during the
minimization, they are not added to the entry (i,w) of D. As a result the entries in D still
only capture the costs of the exact calculations so far. Therefore, the final result can still be
obtained by minimizing over the entries of the last column /.

The complexity of calculating the lookahead is given by 9 -1 - J - U - V for the one back-
ward run of dynamic programming. For the rest of the procedure, the theoretical complexity
remains unchanged. However, in practice the complexity will be slightly increased since a
few more operations are necessary to include the lookahead in the calculations.
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Figure 4.10: Aligned lookahead: Instead of optimizing only the row optimize a tree where
the branches are the columns of the image [(b)]

4.7 Aligned Lookahead

The lookahead defined in the previous section is based on only one backward run of dynamic
programming. During this backward run, the best alignments of the rows is computed, inde-
pendent from the other rows. As a result, when the lookahead at position (4, 7) is applied, it is
defined only by the rest of the specific row j and the best possibility to map this row into the
reference image. The rest of the image has no influence leading to a very greedy lookahead.
To improve this, the computation of the lookahead can be altered, such that the rows are not
optimized independently. Before the backward run a bottom-up and top-down run of dynamic
programming is performed. This way, the best alignments of the columns are determined in
both directions. The results of the bottom-up and top-down run can then be used during the
backward run to align the rows. This is illustrated in Again, trees are optimized,
however this time they are rotated. The stem is defined by rows, the branches by columns (cf.
[Figure 4.10(b)). When this aligned lookahead (ALA) is applied at pixel (4, j), it is not only
defined by the rest of the row but by the complete rest of the image.

The details for the new lookahead will be given now. The formulas for the bottom-up
and top-down run are very similar to the formulas for the forward and backward run (cf.
[Equation 3.17|and |[Equation 3.18)).

Dgottomup (7, J*, wij+) = min. {E [dij(wij)+T(wi,j+1>wij)]} (4.26)
{wij,j<j*} L ==
<

Dropaonn(is j* i) = min {3 [dy(wyy) + T(wiy1,wy)]} - @27

In order to use the top-down and bottom-up run in the backward calculations, an auxiliary
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formula is defined in [Equation 4.28] The sequence wif*, 1.e. the mappings of all pixels in the
same row, starting at position ¢*, is calculated by summing up the distances, the penalties and

the top-down and bottom-up scores. The sequence leading to the minimal costs for row j
starting from position ¢* is stored in W’ (5).

7%

w{*(j) := arg min {Z[dij(wij)+T(wi—1,ijij)

{wi]-,i>i*} P>
+ Diopdoun (i3> wi3) + Dartomup i wi5)] | (4.28)

With the help of the new auxiliary formula, the final lookahead can now be calculated by
summing up the distances and penalties for the previously found sequence (cf. [Equation 4.29).
By this procedure, the new lookahead is only aligned by the bottom-up and top-down run, the
additional scores are not used in the lookahead itself.

Dara(i*, j,ws;) = min {T(wi*,wi*ﬂ)

Wik 41,5
+ 3 [ (@i(9) + T (), i ()]} 429)

1>
The minimization in is necessary, since when the lookahead is read at entry
(*, 7, w;=), the vertical branches should only influence the alignments of pixels next to (*, j).
The aligned lookahead is then used in the dynamic programming procedure of the 2LDP the
same way, as the first variant of the lookahead (cf. [Equation 4.23). Since two additional
dynamic programming runs are necessary, the complexity of the algorithm is increased. Both
runs and the final minimization in [Equation 4.29|add each the complexity of 9- I -J - U -V,
leading to a total complexity of 36-1-J-U -V to calculate the aligned lookahead, in comparison

to9-1.J .U -V for the unaligned case.

4.8 Comparison of the Warping Algorithms

In the previous sections a number of warping algorithms have been introduced. In this section,
the connections and similarities of the algorithms are investigated. The most obvious connec-
tion is between TSDP and C-TSDP, since the latter is an extension of the former. However
the optimization of the columns is done independently with TSDP and as a result the order
in which the columns are optimized does not matter. This is different for C-TSDP, where the
columns have to be optimized ordered from the starting column to the edges of the image.
Because of this restriction the scores achieved by TSDP are usually lower than the scores
C-TSDP reaches. Yet there is no guarantee that the TSDP scores are a tight lower bound for
C-TSDP, since TSDP is always using the forward and backward scores for alignment, while
in C-TSDP, one of the two is replaced by the exact alignment so far.
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If for C-TSDP the first column is chosen as starting column, it can be seen as a baseline
for 2LDP combined with the basic lookahead (2LDP-LA). In this case, C-TSDP first aligns
the first column given the backward scores, since for the first column, there are no forward
scores. Then the next columns are aligned given the backward scores and the alignment of the
previous column. 2LDP-LA does the same, except that not only one candidate for each column
is considered. Instead for each column and each representative there is one candidate of which
the best ones are chosen in the end. So in a way, 2LDP-LA extends C-TSDP by the global
optimization level. It is important to note that given the same images X and R, the alignments
computed by C-TSDP do not necessarily need to be also candidates during the optimization
of 2LDP-LA. This is only the case for the first column. Let j* be the representative row for
2LDP-LA and let w{ be the sequence found by C-TSDP where wj, = (u,v). Then this
is the best possible alignment for the first column given the backward scores. Since in the
initialization of 2LDP-LA the best paths for all pixels including (u, v) as representatives are
computed, wl‘] has to be one of them. However, already for the second column things might
be different. The alignment found by C-TSDP has w; as a fixed predecessor. 2LDP-LA on
the other hand, has several options as predecessor and there is no guarantee that the same
predecessor is chosen. This means, if for one column, the predecessor that C-TSDP is forced
to use is not used by 2LDP-LA, the final warping of C-TSDP is not among the candidates
for 2LDP-LA. In fact it is even possible that C-TSDP finds a warping with less costs than
2LDP-LA.

There is also an obvious similarity between 2LDP in general and P2DW, since both are
divided into a global and a column level. 2LDP can be reduced to P2DW-FOSE by using the
variant that is optimized only over the u-component (2LDP-U, together with the
strip-restriction with the same strip-width as P2DW-FOSE. Additionally the horizontal depen-
dencies have to be discarded. The latter points out the most important difference between the
two methods. P2DW optimizes the columns independently making it impossible to enforce
the Sakoe constraints.

Although the approach of CTRW-S differs from the other warping models by being an
approximation rather than a relaxation, also this model shows some similarities to the other
models. In each iteration, the algorithm passes messages through the nodes once forward and
once backward. During each pass, the information from the previous pass is used. This can
be seen as a lookahead, similar to 2LDP lookahead variants or TSDP and C-TSDP.

4.8.1 Search Criterion

The different models that were introduced lead to different search criterions that need to be
considered, when the methods, and especially the scores they produce, are compared. CTRW-
S, C-TSDP and the 2LDP variants all search for warpings with Sakoe constraints. The other
methods relax this criterion. P2DW-FOSE and TSDP search for warpings where the vertical
Sakoe constraints are enforced, while ZOW uses no Sakoe constraints at all. The last three
methods can therefore easier compute warpings with lower scores. On the other hand, these
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Table 4.1: Sakoe constraint enforcement of the different warping algorithms.

’ Method \ Vertical Sakoe constraints \ Horizontal Sakoe constraints ‘
[ ZOW \ no | 1o |
P2DW-FOSE yes no
TSDP yes no
CTRW-S yes yes
C-TSDP yes yes
2LDP yes yes

lower scores are at the expense of discarding some of the geometric structure of the object.
'Table 4.1| contains an overview over which part of the Sakoe constraints is enforced in which
algorithm.

4.8.2 Complexity

One important feature of the algorithms is the complexity. gives an overview of
the complexities of the different warping methods investigated. Taking 2LLDP as baseline, the
factor column of this table shows by which factor the factor the complexity differs from the
complexity of 2LDP. This factor however is just an approximation giving an idea how the
complexities relate.

It is obvious that ZOW is by far the fastest of all methods, even if the warprange is unlimited.
For a low strip-width also P2DW-FOSE is more efficient than 2LDP. However, choosing A =
5 already leads to a more complex method. We will see later that for optimal recognition
performance, even higher strip-widths are needed. CTRW-S becomes more costly with a
number of iterations higher than 5. TSDP needs roughly one third of the time 2LDP needs to
compute the warpings. As already mentioned in C-TSDP is slightly faster than
TSDP.

While 2LLDP-S extends the complexity by a factor proportional to the strip-width, 2LDP-U
significantly reduces the complexity making it the second fastest method next to ZOW. The
lookaheads are not methods themselves, their complexity therefore needs to be added to the
variant of 2LDP they are applied to. Combining it with one of the 2LDP variants will therefore
always have a greater complexity than TSDP. However, combined with the basic lookahead,
2LDP-U is still the second fastest method.
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Table 4.2: Complexities of the warping methods. The factors are estimated assuming 64 x 64

images.
Method ‘ Complexity ‘ Factor ‘
ZOW I-J-A? 3-1070- A2
P2DW-FOSE | 3-U-I-(1+3-(2A+1)-J-V) 1/9-(2A +1)
TSDP I1-J-U-V.27 1/3
CTRW-S N-2-1-J-9-U-V | 2/9-N |
C-TSDP I-J-U-V-941-J-9-9 1/10
2LDP 9.U-V-J4+81-J-1-U-V+9-1-U-V 1
2LDP-U 9.U-V-J+81-J-1-U+3-1-U 1/64
2LDP-S 2A+1)-9-U-V-J-481-J-1-U-V)+9-1-U-V | 1-(2A+1)
2LDP-LB 9.-U-V-J-481-J-A+9-1-U-V 1*
LA I1-J.-U-V-9 1/9
ALA I-J-U-V-36 4/9

*Worst case of A = I - U - V assumed.
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Chapter 5

Practical Aspects

5.1 Distance Caching

All warping algorithms introduced in the previous chapters need to access the distances d;; (w;;)
between the pixels and their mappings. In the complexity analysis for the algorithms, this ac-
cess was assumed to have an complexity of 1. On the other hand, as we have seen in|Chapter 2
to compute the distance a distance function such as the absolute distance has to be evaluated.
Since this is done on feature level, this operation is quite expensive to be done several times.
E.g. given a 30-dimensional feature vector there are 30 subtractions and 29 additions neces-
sary to compute the absolute distance of two pixels. For this reason the distances are computed
only once and then saved in a look-up table, the distance cache. In general, the distance from
each pixel in the test image to each pixel in the reference image is accessed at least once.
Therefore the distance cache has a complexityof I - J - U - V.

The same is done for the penalties. However, since only skips of at most one need to be
considered, the penalty cache has a constant complexity.

5.2 Distance Thresholding

One problem with using pixel distances is that a single pixel can have an unproportionally
large influence on the distortions. This is also the case for pixels that do not belong to the
objects that are supposed to be warped such as background noise or occlusions. Especially the
latter is problematic, since occlusions occur within the object and do not simply influence the
final score, but also the warping of the neighboring pixels due to the dependencies. For this
reason, distance thresholding is used [Gass & Pishchulin™ 11]. By introducing a maximum 7
for all distances, the influence of a single pixel is restrained.

dij(wij) = min{T, dij(wij)} (51)

To apply the distance thresholding, the old distance function d;;(w;;) is replaced by the
function czij (wjj) in the formulas introduced in the previous chapters.
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5.3 Nearest Neighbor Pruning

When the nearest neighbor rule is used for classification based on similarity scores, the exact
scores themselves are not needed. The decision only depends on which test object leads to
the lowest score and not what that score actually is. This can be exploited to do pruning,
when the computation of the scores is done sequential [Gass & Pishchulin™ 11]. Since the
goal is to find the reference image leading to the minimal score, the current minimum is kept
in memory. As soon as it becomes evident that the next warping that is computed will lead
to a higher score, the computation can be canceled. In order to detect this, lower bounds are
needed for the algorithms. For the CTRW-S, the lower bound computed from the solution
of the subproblems (cf. can be used [Gass & Pishchulin™ 11]. As described in
[Gass & Pishchulin™ 11, a simple lower bound can be found for the other warping methods
by summing up the minimal distances for each pixel if warped to any arbitrary pixel in the
reference image. The lower bound is given by the following formula.

b = > min{d(wi)} (5.2)

— Wiy
v

This can be computed on the fly during the distance caching. However, the lower bound
obtained by the method is very weak. Therefore, this is extended in this thesis as follows.
Each method introduced above optimizes the warpings column-wise. That means, after each
column a partial result is available. This can be used to update the lower bound. Let D(i, O)
be the global dynamic programming table of the method that is used, e.g. D(i,w) for the
2LDP or simply D(z) for the TSDP. The new lower bounds are computed by the following
formula.

by = mén{D(i*,@)}-F Z Iggl{dij(wz'j)} (5.3)

i>i* ]

By using this method, it is guaranteed that the lower bound can only increase, since the dy-
namic programming tables can not contain scores lower than the absolute minimum warpings
of independent pixels. It is also still a tight lower bound, since for each column the minimal
possible score computed by the optimization algorithm is taken. With each optimized column,
the lower bound gets closer to the minimal distance computed so far and the optimization can
be cancelled earlier, when the lower bound exceeds the minimal distance.
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Chapter 6
Databases

In this chapter, two databases that are used for the evaluation are introduced. The first database
is a modified subset of the AR-Face database [Martinez & Benavente 98|] and the second
database is the pose subset of the CMU-PIE database [Sim & Baker™ 02]].

6.1 Rotated-45 AR-Face

The AR-Face database [Martinez & Benavente 98] in general offers face images with different
facial expressions, illuminations and occlusion. Additionally, each image was recorded twice
in two sessions two weeks apart adding effects caused by time differences, such as different
hair styles.

The Rotated-45 AR-Face database is composed of a subset capturing 30 classes of the
original database. The reduction to 30 classes is done for efficiency reasons. For testing seven
images containing different facial expressions and illuminations from the second recording
session are used. For training, the corresponding seven images from the first session are used.
This leads to a total of 210 reference and 210 test images. To raise the level of difficulty,
the test images were edited by artificial rotations. The degree of rotation for each image is a
randomly selected value between -45 and 45 resulting in a database with rotations of up to 45
degrees clock-wise and counter clock-wise. After the images are rotated they are resized to
64 x 64 images. One effect of the rotation and resizing are different scalings for the images
that also add to the difficulty level. An example for one class is given in

6.2 CMU-PIE

The CMU Pose, Illumination and Expression database (CMU-PIE) [Sim & Baker™ 02] offers
face images with different facial expressions, illuminations and poses. In this thesis, the evalu-
ation is done on the pose subset of the database. It consists of images for 13 different poses of
68 classes. The poses vary from profile to frontal images (cf. [Figure 6.2)). The original images
are cropped to contain only the faces. The used setup is the so called mug-shot training, where
only a single reference image per class is used. For this purpose the frontal image is selected,
all other poses are used for testing. This results in 68 training images and 816 test images.
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Figure 6.1: Rotated-45 AR-Face database: The test images in the second row are rotated by
random degrees between —45 and 45.

Reference

Near-frontal face images

Near-profile face images

Figure 6.2: CMU-PIE pose database: One reference image and twelve test images per class.

The test images are clustered into near-frontal and near-profile images.

As illustrated in [Figure 6.2] the test images can be clustered into near-frontal and near-profile
images. Similar to the AR-Face database the images are resized to 64 x 64.
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Chapter 7

Results

In this chapter the results for the developed warping algorithms (cf. [Chapter 3| and [Chapter 4])
will be presented and compared based on error rates and the warping scores. The evaluation
is done on the two databases from with an emphasis on the Rotated-45 AR-Face
database. For the CMU-PIE database the same setup as in [Gass & Pishchulin™ 11]] is used.
That means the warping is reversed such that the reference images are mapped onto the test
images and for the comparison with the near-profile images only the corresponding half of the
reference image is used. Since the images are vertically well aligned, the PCA-U-SIFT feature
descriptors and local context is used for computing pixel distances (cf. [Chapter 2). On the
Rotated-45 AR-Face on the other hand, PCA-SIFT features and no local context is used to be
invariant to rotations. For comparability the same penalties are used in all experiments, except
for ZOW (cf. [Section 7.1). Also the distance threshold 7 is kept constant for each database.
For the runtime measurement a computer with a 2.2 GHz CPU and 16 GB RAM was used.

The evaluation is structured as follows. For each method introduced in and
first the recognition performance on both databases is analyzed. This is followed
by a qualitative evaluation to illustrate the characteristics of the algorithms. For this purpose
three examples from the Rotated-45 AR-Face database. The first example is for a test image
with no rotation, but scaling, the second example is for an image with medium rotation of
25 degrees, and the last example shows an image with the maximum rotation of 45 degrees.
For each example the test image X;;, the reference image 2., the distorted reference image
Ry,;; and the distortion grid for w;; are included. Since the warping mapping was defined by
mapping the test pixel to the reference pixels (cf. [Equation 3.T)), it is the reference image that
is distorted. The distorted image can be obtained by going through the grid of the test image
selecting the image values of w; ; = (u,v) for each (7, ), leading to R,,; as the distorted
reference image. One has to keep in mind that the warpings w;; were not computed using the
gray levels shown in the example. Also for the examples 30-dimensional PCA-SIFT feature
vectors were used during the computation.

On score-level, the comparison makes only sense for methods that implement the same
search criterion (cf. [Table 4.1). Models with different search criterion apply the penalty in
different ways, e.g. the P2ADW-FOSE applies the horizontal penalty only based on the center
of the strip. The Sakoe consistent methods on the other hand apply the penalties pixel-wise.
The independence in one or both dimension also makes it easier to achieve lower scores due
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Figure 7.1: Rotated-45 AR-Face: Results for ZOW with different warpranges A.

to less restrictions.
The next sections are organized as follows. In Sections[7.1]to [7.4] the state-of-the-art warp-

ing algorithms introduced in will be discussed. In the performance of

Constrained Tree-Serial Dynamic Programming (cf. [Section 4.1)) is analyzed.
follows with the analysis of Two-Level Dynamic Programming (cf. [Section 4.2)). The positive

effect of the lookahead will be shown and algorithm will be compared to the various modifi-

cations introduced in[Section 4.2] Finally, in a summary of the recognition results

on both databases will be given.

7.1 Zero-Order Warping

The first model investigated is Zero-Order Warping. As the simplest available model, it pro-
vides a baseline for the experiments. The plot in shows the error rate for the
recognition on the Rotated-45 AR-Face database given different warpranges. The best results
are achieved using a medium warprange of A = 32. Choosing a smaller warprange lim-
its the warpings significantly and makes the compensation of the rotations difficult. Higher
warpranges on the other hand also lead to worse results. This happens, since besides the
penalty, the warprange is the only way for the ZOW to orientate the warping on the original
structure of the image. The higher the warprange, the more structure can be destroyed during
the warping. The medium warprange is therefore a good trade-off.

As mentioned in the warping penalty for ZOW is an absolute penalty. The
displacement of a pixel is penalized depending on the absolute distance between the pixel
and its warping mapping. While this still works for well aligned objects, it is not suited for
the Rotated-45 AR-Face database. Due to the rotations and scalings, the absolute penalties
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Table 7.1: Rotated-45 AR-Face: Effect of absolute warping penalty.

Method Penalty Error rate [%] | Abs. errors
ZOW, A = 32 - 20.00 42
ZOW, A = 32 | Euclidean distance 22.38 47

handicap the warping of the objects. This is underlined by the results in By using
the Euclidean distance as absolute penalty, the result has deteriorated.

As reported in [Gass & Pishchulin™ 11], on the CMU-PIE database the ZOW performs
well on the near-frontal face images with an error rate of 0.49%. However, on the near-profile
images the error rate is at 31.61% leading to an average error rate of 16.05%.

The images for the three examples in underline the drawbacks of ZOW. There
is no structure visible in the warping grid, meaning the original structure of the image is
not maintained and the unrestricted nature for the ZOW is evident. The large warprange of
A = 32 allows the model to pick for each pixel the best mapping within at least half the image,
leading to the strong distortions visible in the grids and deformed reference images with many
artifacts. However, the general structure of the test image is recreated for the scalings as well
as the rotations.

7.2 Pseudo Two-Dimensional Warping

As already mentioned in only the P2DW with the First-Order Strip Extension
(P2DW-FOSE) is considered here. The plot in shows the error rates on the Rotated-
45 AR-Face database achieved by the P2DW-FOSE using different strip widths. The best
result of 15.71% was obtained by using A = 15. This means that in absolute numbers the
strip has a width of 2A 4+ 1 = 31 pixels. Given the 64 x 64 images, this is already half
the image. The recognition result is therefore at the expense of a high complexity. Choosing
lower values for A results in steadily increasing error rates. On the other hand, also higher
values do not lead to a better recognition rate indicating that no better warpings can be found.

On the CMU-PIE pose database, the P2DW-FOSE achieves an error rate of 0.25% on the
near-frontal and 17.63% on the near profile images [Pishchulin & Gass™ 11]]. This makes an
average of 8.94%. For the experiments a value of A = 3 was used for the strip-width. The
good alignment of the images leads to a good performance on near-frontal images. Since this
is not given anymore for the near-profile images, the result deteriorates.

contains the three examples for warpings calculated by the P2DW-FOSE. The
value for A used for these images is 15 which leads to the best result achieved by the P2DW-
FOSE on the Rotated-45 AR-Face database. Starting with the first example without rotation,
it can be observed that the center of the distortion grid is maintained and the original 2D grid
structure is still visible. Only at the borders of the grid distortions take place to compensate
the scaling of the image. Due to the independent alignment of each column, the paths diverge
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Figure 7.2: ZOW examples for images with no, 25 degrees and 45 degrees rotation.

30

' P2DW-FOSE —+—

25

20 r

Error rate [%]

15

10 L L L L L L
8 10 12 14 16 18

Strip-width [px]

Figure 7.3: Rotated-45 AR-Face: Results of the P2DW-FOSE with different strip-width A.
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Figure 7.4: P2DW-FOSE examples for images with no, 25 degrees and 45 degrees rotation.

significantly at the image borders. Even the crossing of paths can be observed, all leading
to horizontal Sakoe constraint violations. The vertical Sakoe constraints however can not
be violated due to the model definition (cf. [Section 3.4). Similar effects are visible in the
distortion grid for the images with 25 degrees rotation. However in this case the center of
distortion grid also reflects the rotation. The originally vertical and horizontal connections
are now mainly diagonal. The borders are dominated by strong distortions again. For the
example with a rotation of 45 degrees these effects are aggregated. Again there are mostly
diagonal connections in the center of the grid, but even stronger distortions at the borders.
The resulting distorted images are close to the test image, however a few artifacts are still
present. The rotations and scalings in all three images are compensated.

It should be noted that in the P2DW-FOSE large horizontal deviations between pixels of
two paths are in most cases not covered by the penalty function. The P2DW only assigns one
penalty for the complete column and for P2DW-FOSE this penalty is defined by the center of
the strips. If two pixels of two neighboring columns that have the same j-position are located
at the opposing borders of the strip, the penalty is the same as if they were neighbors again.
For this reason, large deviations as they are observable in the P2DW-FOSE distortion grids
can not be averted by the penalty function.
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7.3 Tree-Serial Dynamic Programming

Since the same penalty function is used in all experiments for comparability, there are no
parameters for the TSDP to be optimized. The result on the Rotated-45 AR-Face database is
with 13.30 % quite good compared to the other methods. On the CMU-PIE database error
rates of 0.25% for near-frontal images and 7.35% for near-profile images are obtained leading
to an average error rate of 3.80% [Gass & Pishchulin™ 11]].

shows the warpings for the three example images. Although TSDP aligns each
column independently just as P2DW-FOSE, the independence is not obvious in the distortion
grids. The Sakoe constraint violations are minimal, especially if no rotation is involved. In
the latter case, the original structure of the grid is well maintained. Again on the borders the
percentage of distortions increases, most of them without Sakoe constraint violations. The
reason for this is that the alignments of the columns is strongly influenced by the lookahead
defined by the forward and backward run of dynamic programming. The lookahead however
was aligned using horizontal Sakoe constraints. For the two examples with rotations, the
diagonal connections are visible again in the center while the borders are more and more
subject to strong distortions. Also the Sakoe constraint violations increase. Still, TSDP is also
able to compensate the rotations and scalings in all three cases.

Similar to P2DW-FOSE, also TSDP does not penalize horizontal deviations explicitly, as
horizontal penalties are only used when the forward and backward scores are included. This
has only an implicit effect on the next column, since it uses the next forward and backward
scores. As result, also TSDP can not avert large horizontal deviations.

7.4 Sequential Tree-Reweighted Message Passing

The CTRW-S is the first method that implements the Sakoe constraints completely in both
dimensions [Gass & Dreuw™ 10]. The performance depends strongly on the number of itera-
tions used as illustrated in Using only one iteration, i.e. one forward-pass and one
backward-pass through the nodes, the result is an error rate of 27.62 %. Increasing the number
of iterations improves the error rate such that with five iterations the error rate is already at
19.52 %. Increasing the number of iterations further has only a slight influence on the error
rate, the best result being 18.10 % with 21 iterations at the cost of a very high complexity (cf.
[Figure 7.6). With more than 25 iterations the error rate deteriorates again. The reason for this
is that with such a high number of iterations, most warpings are already very close to the lower
bound. Only for images that are harder to warp, usually images of the wrong class, there is
still room for improvement. This can cause some images that were classified correctly with
less iterations to be classified falsely if too many iterations are used.

On the CMU-PIE pose database, the error rate is with 0.49% on near-frontal images slightly
worse than for TSDP and P2DW-FOSE. However, 6.37% on near-profile images and therefore
an average error rate of 3.43% denotes the best results for the state-of-the-art algorithms as
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Figure 7.5: TSDP examples for images with no, 25 degrees and 45 degrees rotation.
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Figure 7.6: Rotated-45 AR-Face: Results of the CTRW-S with different numbers of iterations.
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Figure 7.7: CTRW-S examples for images with no, 25 degrees and 45 degrees rotation.

shown in [Gass & Pishchulin™ 11].

Analyzing the warping grids produced by the CTRW-S (cf. [Figure 7.7), the tasks with
scalings and medium rotation can be handled well within the Sakoe constraints. Both grids
are similar to the grids generated by the TSDP (cf. [Figure 7.5). Again the center of the grid
corresponding to no rotation retains the original structure of the grid and the center of the grid
for the image with 25 degrees rotation is dominated by the diagonal connections. In both cases,
the distorted reference image comes very close to the test image. However, the distortion for
the image with 45 degrees rotation leads to artifacts in the lower part of the image.

7.5 Constrained Tree-Serial Dynamic Programming

Since Constrained Tree-Serial Dynamic Programming (C-TSDP) extends TSDP by horizontal
dependencies, the achieved scores are usually lower than the scores of the TSDP. Such a
relation often also leads to a worse recognition rate. This is also the case for the C-TSDP (cf.
[Table 7.2). TSDP optimizes each column independently, such that the local decisions for one
column do not affect the decisions for the other columns. For the C-TSDP the alignment of
each column except the starting column 25 depends on the alignment of the previous columns.
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Table 7.2: Rotated-45 AR-Face: Results of the C-TSDP compared to the TSDP.

Method is | Errorrate [%] | Abs. errors | Runtime [s]
TSDP - 13.30 28 24.47
C-TSDP 1/2 30.48 64 21.97
C-TSDP 1 31.90 67 21.80
C-TSDP-ALA | I/2 22.86 48 38.67
C-TSDP-ALA | 1 20.95 44 38.72

The local decisions that are only optimal for the column at hand, influence the alignment of
the next columns. If the local decisions are globally far from optimal, the compensation can
only happen slowly, since due to the Sakoe constraints the allowed pixel skips are limited.

also shows the effect of the aligned lookahead. C-TSDP uses by definition the
same lookahead as TSDP. However, applying the aligned lookahead instead, the recognition
result is improved significantly from 30.48% to 22.86%. The effect of both lookaheads will be
further examined in context of Two-Level Dynamic Programming (cf. [Section 7.6). The table
also contains the results for the C-TSDP when the first column is chosen as starting column
is. As mentioned in this can be seen as a baseline for the 2LDP-LA that will be
investigated in the next section. While for the basic C-TSDP choosing the middle column as
starting point yields slightly better results, when the aligned lookahead is applied, the opposite
effect can be observed. However, in both cases, the error rate of TSDP is not reached, due to
the better scores achieved by TSDP. As mentioned in C-TSDP has a reduced
complexity compared to TSDP. This is also reflected in the runtimes. However, since the
factors in are only approximations, they are not reproduced exactly. Additionally,
there is an offset caused by the distance caching It is also observable that the
runtime does not depend on the starting column 7.

illustrates the effect of the aligned lookahead on the scores. The figure contains
score difference histograms, i.e. for each comparison of two images during one experiment,
the achieved scores are subtracted and a histogram is generated over the subtraction results.
In[Figure 7.8]the scores of the C-TSDP-ALA are subtracted from the scores of the C-TSDP. If
the result is positive, then the score of the C-TSDP-ALA was lower and therefore the model
found a better solution to the minimization problem. This is done once for warpings that
are computed from two images with the same class leading to the within-class histogram (cf.
and once for warpings that are computed from two images with different classes
leading to the between-class histogram (cf. [Figure 7.8(b)). In general, scores achieved on the
Rotated-45 AR-Face database range from 2000 to 4000. In both cases it is observable that the
aligned lookahead improves the performance of the C-TSDP, the scores are mostly decreased.

In[Figure 7.9|the scores of C-TSDP-ALA are compared to the scores of CTRW-S, the latter
are subtracted from the former. For CTRW-S the results after 21 iterations are considered.
Also in this case, CTRW-S improves the scores of C-TSDP-ALA, however not that signifi-
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Figure 7.8: Rotated-45 AR-Face: Score difference histograms to compare the scores of C-
TSDP with the score of C-TSDP-ALA. The scores of C-TSDP-ALA are subtracted
from the scores of C-TSDP.

cantly. In some cases, C-TSDP-ALA even outperforms CTRW-S.

In the results for the CMU-PIE pose database are reported. Since for the CMU-
PIE pose database the mapping is reversed and the reference images are mapped onto the test
images, the starting column 7, is now defined on the reference image. The most remarkable
observation is that the aligned lookahead leads to a worse error rate than the basic lookahead.
The reason for this can be explained by the help of the score difference histograms in |Figj
for the near-profile subset. The histograms are generated by subtracting the scores
of the C-TSDP-ALA from the scores of the C-TSDP. On the CMU-PIE database, the scores
usually range from 1000 to 3000. Both the between-class (cf. and within-class
(cf. histograms show that the vast majority of the score differences is positive.
Thus the scores are still improved by using the aligned lookahead. However, the negative
effect on the recognition rate is rooted in the fact that mostly the between-class scores profit
from the improvement. While for the within-class scores, the differences are mostly close to
zero, the between-class histograms tends more into the positive area. As a result, for some
images the scores for matching the test image to a wrong classes are improved too much, such
that the scores resulting from matching the wrong class exceed the score for the right class.

shows how the C-TSDP handles the different scaling and rotation challenges.
The starting column in all cases is i = I/2 and is marked red in the distortion grids. The
warping grids for no rotation and medium rotation expose the same qualities that can be ob-
served for the other methods. The grid corresponding to no rotation is oriented at the original
2D grid, the center of the grid corresponding to 25 degrees rotation is dominated by diagonal
connections. In both cases, the challenges are fully compensated. The strong rotation of 45 de-
grees however can only be handled partially. The alignment of the starting column is mapped
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Figure 7.9: Rotated-45 AR-Face: Comparison of C-TSDP-ALA and CTRW-S. The scores of
CTRW-S are subtracted from the scores of C-TSDP-ALA.

Table 7.3: CMU-PIE: Results of the C-TSDP compared to the TSDP.

Method is | Frontal ER [%] | Profile ER [%] | Total ER [%] | Abs. errors
TSDP - 0.25 7.35 3.80 31
C-TSDP 1 0.25 7.11 3.68 30
C-TSDP 1/2 0.25 9.31 4.78 39
C-TSDP-ALA 1 0.25 9.80 5.02 41
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Figure 7.10: Score difference histograms comparing the C-TSDP and the C-TSDP-ALA on
the near-profile images of the CMU-PIE database. The scores of the C-TSDP-
ALA are subtracted from the scores of the C-TSDP.
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Figure 7.11: C-TSDP examples for images with no, 25 degrees and 45 degrees rotation. The
mapping of the starting column 7 is marked red.

optimally according to the lookahead, but the fixed decision for this mapping does not leave
enough options for the other columns. The right part of the image can still be handled, for the
left part the algorithm is not able to find good alignments within the Sakoe constraints leading
to the artifacts. While the TSDP (cf. is able to compensate the decision for the
middle column by using large deviations between neighboring columns, the C-TSDP is bound
to the Sakoe constraints and has to align each next column close to the previous one. In some
cases such as the example for 45 degrees rotation, the maximal pixel skip of one defined by
the Sakoe constraints is not enough to compensate globally less than optimal decisions for the
starting column.

7.6 Two-Level Dynamic Programming

In this section the results of Two-Level Dynamic Programming and its various extensions and
modifications will be analyzed.
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Table 7.4: Rotated-45 AR-Face: Results of 2LDP with and without lookaheads

Method Error rate [%] | Abs. errors | Runtime [s]
2LDP 47.14 99 48.40
2LDP-LA 27.62 58 52.47
2LDP-ALA 20.95 44 72.57

7.6.1 Lookahead

The evaluation of 2LDP is started by investigating the effect of the lookahead on the perfor-
mance of the algorithm. For the following experiments, a lookahead weight of v = 1.0 is
selected. Results for different values are given in As representative j* = J/2
is selected as indicated in For this parameter an analysis follows in

The results for the Rotated-45 AR-Face database are reported in The basic ver-
sion of 2LDP reaches an error rate of 47.14%, which is rather high. However, by adding
the lookahead the error rate is improved significantly. For 2LDP the columns are optimized
starting with the first column of the image. During this optimization, the best decisions only
for this column are made. This can be greedy, even though several candidates are considered.
Globally not optimal candidates are hard to compensate within the small deviations allowed
by the Sakoe constraints. With the lookahead, also the rest of the image is included in each
decision, also for the first column. The alignments are therefore closer to the globally best
solution, ultimately leading to a better recognition performance.

The improvement of the scores is illustrated in where the score difference
histograms comparing 2LDP and 2LDP-LA are shown. The range of the scores achieved by
the two variants is from 2000 to 4000. For both, the between and the within class histogram
the score differences are far in the positive area, meaning the scores are strongly reduced
by adding the lookahead. In the scores generated by 2LDP-LA and 2LDP-ALA
are compared. Also in this case the differences are mostly positive, meaning 2LDP-ALA
improves the scores further compared to 2LDP-LA. However, the impact is not as strong as
for 2LDP and 2LDP-LA.

On the CMU-PIE database (cf. the same effect can be observed. Including the
lookahead encourages the alignment of the first columns to be oriented on the global optimum.
This results again in better overall warpings and an improved error rate. However, similar to
C-TSDP (cf. [Section 7.5)), using the aligned lookahead (ALA) instead of the basic lookahead
(LA) has no positive effect on the error rate, due to an improved warping of between-class
images.

In the warping grids and distorted images generated by 2LDP for the three ex-
amples with different rotations are shown. The mappings of the representatives are marked
red. The first example with no rotation can be handled well by 2LDP. The 2D grid structure
is still recognizable in the deformation grid and the representatives are mapped almost to the
same row in the reference image. Also the resulting distorted image is close to the test image.
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Figure 7.12: Rotated-45 AR-Face: Comparison of 2LDP and 2LDP-LA. The scores of 2LDP-
LA are subtracted from the scores of 2LDP.
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Figure 7.13: Rotated-45 AR-Face: Comparison of 2LDP-LA and 2LDP-ALA. The scores of
2LDP-ALA are subtracted from the scores of 2LDP-LA.

Table 7.5: CMU-PIE: Results of 2LDP with and without lookahead.

Method Frontal ER [%] | Profile ER [%)] | Total ER [%] | Abs. errors
2LDP 245 16.67 9.56 78
2LDP-LA 0.25 9.07 4.66 38
2LDP-ALA 0.25 9.80 5.02 41
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Figure 7.14: 2LLDP examples for images with no, 25 degrees and 45 degrees rotation. The
representative is set to j* = J/2 and their mappings are marked red.

For the two examples with rotations, the drawbacks of 2LDP stand out. The alignments are
computed from the left to the right and work well for the first third of the image. However,
when arriving at the middle and the last third of the image, it becomes evident that the candi-
dates computed for the first columns are too greedy and can not be compensated in the rest of
the image leading to strong distortions. The 2LDP is therefore not able to reconstruct the test
image.

The flaws of 2LDP evident in are addressed by adding the lookahead leading
to significant improvements as can be seen in The latter contains the deforma-
tion grids and distorted images for 2LDP-ALA. The image with no rotation was already well
aligned using no lookahead. With the lookahead a similar deformation is computed. For the
image with 25 degrees rotation, the 2LDP-ALA is able to compute a good alignment as well.
The representatives are mapped to form a slightly diagonal line from the bottom left to the top
right, which is the expected result due to the rotation. This was already visible for the 2LDP,
however only partially. Although also the distortion for the image with 45 degrees rotation is
improved, there are still artifacts present. In this case even with the lookahead, the candidates
computed for the first columns were not globally optimal for the bottom half of the image.
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Figure 7.15: 2LDP-ALA examples for images with no, 25 degrees and 45 degrees rotation.
The representative is set to j* = J/2 and their mappings are marked red.

However, the top half is still aligned well and for the second half of the image, the expected
diagonal structure for the representatives is observable.

In summary, for all cases the lookahead leads to better scores and the aligned lookahead
improves the scores further, which can lead to an unwanted improved warping of between-
class images. As a result, 2LDP-LA improved the recognition performance on both databases,
while with 2LDP-ALA only the error rate on the difficult Rotated-45 AR-Face database is
improved.

Comparison with C-TSDP

As mentioned in the C-TSDP with starting column i, = 1 can be interpreted
as a baseline of 2LDP-LA without the global optimization. Comparing the results for the
two methods on the Rotated-45 AR-Face database (cf. [Table 7.2] and [Table 7.4), 2LDP-LA
reduces the error rate by 4%. This means, adding the optimization over several candidates
for each column alignment pays off and better results are obtained. However, considering the
2LDP-ALA and the C-TSDP-ALA as baseline, the recognition results are the same. Here,
adding the global optimization does not improve the recognition performance. The reason
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Figure 7.16: Rotated-45 AR-Face: Comparison of C-TSDP and 2LDP with lookahead. In
the 2LDP-LA scores are subtracted from the C-TSDP scores, in [(b)| the 2LDP-
ALA scores are subtracted from the C-TSDP-ALA scores.

for this is observable in While for the basic lookahead the scores are often
improved (cf. by using 2LDP instead of C-TSDP, for the aligned lookahead
(cf. the improvement is minimal.

On the CMU-PIE pose database, the error rate of the 2LDP-LA is even worse than the error
rate of the C-TSDP, even though the scores themselves are not. As shown in [Figure 7.17]
the same effect as for the C-TSDP and the C-TSDP-ALA (cf. [Section 7.3)on this database
occurs. Although, the scores are better, the recognition is worse, since mostly the between
class warpings profit from the improvement.

In general, the scores achieved by the 2LDP-LA and 2LDP-ALA are better than the scores
achieved by the C-TSDP and C-TSDP-ALA (cf. [Figure 7.16|and [Figure 7.17). However, this
is not always reflected in the recognition performance. For the difficult Rotated-45 AR-Face
database, the 2LDP-LA also achieves a better error rate than the C-TSDP, however with the
aligned lookaheads, the error rates are equal. On the CMU-PIE on the other hand, the C-
TSDP has the best recognition performance, since for 2LDP-LA the results for between-class
warpings are too good.

Comparison with CTRW-S

Comparing the distortion grids of 2LDP-ALA (cf. [Figure 7.15) and CTRW-S (cf. [Figure 7.7)

it is observable that the grids and therefore the distorted images look very much alike. Also
on score level, both methods achieve similar results, but CTRW-S generates warpings with

slightly less costs (cf. [Figure 7.18).
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Table 7.6: Rotated-45 AR-Face: Results of 2LDP compared to 2LDP-U with different looka-

heads.
Method Error rate [%] | Abs. errors | Runtime [s]
2LDP 47.14 99 48.40
2L.DP-U 54.29 114 15.81
2LDP-LA 27.62 58 52.47
2LDP-U-LA 26.67 56 21.82
2L.DP-ALA 20.95 44 72.57
2L.DP-U-ALA 20.95 44 40.03

7.6.2 Restriction to u~-component

In this section the effect of optimizing only over the u-component of the representative is
investigated. As can be seen in also in this case adding the lookahead improves
the recognition performance and by using the aligned lookahead the error rate deteriorates
even further. However, comparing the results of with the results of 2LDP there
is an interesting observation. While for the basic variant without lookahead 2LLDP achieves
the expected better result than 2LDP-U, when the lookahead is included, 2LDP and 2LDP-U
obtain almost the same error rates. The reason for this is the similarity of the candidates that
are computed for each column. Already without the lookahead it is likely that the best path
through pixel (u,v), i.e. the best path where the representative is mapped to (u,v), will be
similar to the best path going through the direct neighbors of (u, v). This leads to very similar
candidates. The difference of 2LDP-U compared to 2LDP is that less candidates are computed
for each column. While for the basic 2LDP the variability in the candidate paths is sufficient
to make the reduction by 2LDP-U noticeable, this is not the case anymore for the variants
with the lookahead. The lookahead restrains the variability of the candidates paths further,
such that leaving out some of them does not affect the optimization significantly.

These observations are not only reflected by the recognition performance, but also by the
scores themselves. For the score difference histograms in the scores of 2LDP
are subtracted from the scores of 2LDP-U. The histograms are pooled, there is no differen-
tiation between within-class or between-class scores. When no lookahead is used (cf.
lure 7.19(a))), 2LDP clearly outperforms 2LDP-U. However, when the lookahead is added (cf.

IFigure 7.19(b)) the scores achieved by both methods are almost equal.

In conclusion, with the lookahead many of the candidates 2LLDP computes are very similar.
Therefore, not all of them are needed and also with less candidates as used by 2LDP-U similar
results are obtained.
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Figure 7.19: Rotated-45 AR-Face: Comparison of 2LDP and 2LDP-U with and without looka-
head. The scores of 2LDP are subtracted from the scores of 2LDP-U.

Table 7.7: Rotated-45 AR-Face: Results of 2LDP with the local-best strategy.

Method Error rate [%] | Abs. errors | Runtime [s]
2L.DP 47.14 99 48.40
2LDP-LB 49.05 103 44.50
2LDP-ALA 20.95 44 72.57
2LDP-LB-ALA 20.95 44 64.89

7.6.3 Local-best selection strategy

A similar conclusion as for 2LDP-U can be drawn when analyzing the results for the local-
best selection strategy. contains the results of using the local-best selection strategy
during the optimization of 2LDP (2LDP-LB). While computing the scores without lookahead
leads to a slightly better result for 2LDP (cf. [Table 7.4), with the lookahead the same result is
achieved by both methods. This indicates that the paths selected using 2LDP or 2LDP-ALA
are mostly the same paths that 2LDP-LB is forced to use.

Also the score difference histograms in where the scores of 2LDP-LB are
subtracted from the scores of 2LDP, show that 2LDP-LB achieves similar results as 2LDP.
Already with no lookahead, there is only a moderate improvement of the scores by using the
full optimization. With the lookahead, the differences in the scores cluster around zero.

7.6.4 Strip-Restriction

The idea of the strip-restriction is to restrain the possible warpings when a good alignment of
the objects that are compared can be assumed. This is obviously not the case for the rotated
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Figure 7.20: Rotated-45 AR-Face: Comparison of 2LDP and 2LDP-LB with and without
lookahead. The scores of 2LDP are subtracted from the scores of 2LDP-LB.

Table 7.8: Rotated-45 AR-Face: Results of the 2LDP with and without strip-restriction.

Method Error rate [%] | Abs. errors | Runtime [s]
2L.DP 47.14 99 48.40
2LDP-S 4476 94 94.69
2LDP-ALA 20.95 44 72.57
2LDP-S-ALA 22.38 47 115.94

faces in the Rotated-45 AR-Face database. This has to be compensated by a very wide strip-
width. For P2DW-FOSE the value A = 15 is optimal (cf. [Section 7.2)). Thus also for 2LDP-S
experiments A = 15 is selected. As can be observed in[Table 7.8] without lookahead, adding
the strip-restriction improves the error rate. In this case, the restraint on relatively vertical
paths gives the algorithm a weak orientation for the optimization, which is not the case for the
basic 2L.DP, where the paths can be aligned arbitrarily. However, with the lookahead 2LDP has
a very good orientation for the optimization, rendering the strip-restriction obsolete. Moreover,
in this case the restraint even leads to a worse result, since it is not a good assumption for
rotated objects.

In contrast to the Rotated-45 AR-Face database the images in the CMU-PIE database are
well aligned. Therefore 2LDP-S is also tested on this database. Again, the same strip-width
as for P2DW-FOSE is used, i.e. A = 3. However, as can be seen in[Table 7.9] the error rate is
not improved.
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Table 7.9: CMU-PIE: Results of the 2LDP compared to the 2LDP-S.

Method Frontal ER [%] | Profile ER [%] | Total ER [%] | Abs. errors
2LDP-LA 0.25 9.07 4.66 38
2LDP-S-LA 0.25 10.05 5.15 42
60 ‘ ‘
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Figure 7.21: Rotated-45 AR-Face: Results for 2LDP-U-ALA with different values for ~.

7.6.5 Lookahead weight

As mentioned in [Section 4.6| and |Section 7.6.1] the contribution of the lookahead can be
weighted by a factor . Since 2LDP-U-ALA achieved the same results as 2LDP-ALA, the
effect of the weight factor is analyzed using 2LDP-U-ALA for efficiency. The results are
given in Starting with a weight of 0.0, which corresponds to using no lookahead,
the error rate improves rapidly until a value of 0.4 is reached. For higher weights the error
rate remains almost the same. Since for all values greater than zero, the complexity of the
algorithm does not depend on 7 it is therefore reasonable to use the weight of v = 1.0.

7.6.6 Representative

In the above experiments usually the middle row of the test image was selected for the repre-
sentatives, i.e. j* = J/2. The plot in shows results for other values as represen-
tative. Again, 2LDP-U-ALA is selected for efficiency. It is observable that the performance
of the algorithm varies only slightly with different representatives, which is the desired re-
sult. While j* = J/2 yields an error rate of 20.95%, with j* = 1 and j* = J the error

rate improved. However in absolute numbers, this difference corresponds to only one or two
images.
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Figure 7.22: Rotated-45 AR-Face: Results of 2LDP-ALA with different representatives.

7.7 Nearest Neighbor Pruning

As mentioned in the classification by the 1-Nearest Neighbor (1-NN) rule can be
exploited to do pruning. In this section the effect of the pruning is evaluated using the experi-
ment of applying 2LDP-ALA on the Rotated-45 AR-Face database (cf. [Table 7.4). During the
classification, each test image is compared to each reference image. This is done sequentially
for each test image, i.e. the calculation of the warping for test image X and the second refer-
ence image R, is started, when the calculation for test image X and the first reference image
Ry is completed and so on. In order to profit most from applying the nearest neighbor pruning,
the reference images are sorted according to the Euclidean distance to test image X . This is a
very cheap operation and it is likely that images with lower Euclidean distances also achieve
lower distances with the warping algorithms. In the effect of the nearest neighbor
pruning is illustrated for the experiment mentioned above. The histogram is calculated by an-
alyzing after which column of the 64 x 64 the optimization was cancelled when the pruning is
enabled. The bar in the right for the value 64 corresponds to the comparisons, where the opti-
mization is not cancelled, while the bar in the left for the value zero represents the old pruning,
where the computation is cancelled during the distance caching. The histogram clearly shows
that recomputing the lower bound after each column optimization is profitable, since for most
optimizations the algorithm can be stopped early. On average, this can be done after the 37th
column, which is almost half the image.
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Figure 7.23: Rotated-45 AR-Face: The effect of using nearest neighbor pruning. The his-
togram illustrates, how often after which column the optimization is terminated.
A value of zero corresponds to a termination during the distance caching. A value
of 64 corresponds to a full optimization meaning no pruning could be applied.

7.8 Summary of the Results

In this section, the best results regarding the recognition performance are collected for the two
databases.

7.8.1 Rotated-45 AR-Face

An overview of the results on the Rotated-45 AR-Face database is given in The
error rate of 90.48% when only the SIFT-Features and no warping is used illustrates the diffi-
culty of the database. The best result was achieved by using TSDP leading to an error rate of
13.30%. The results of the algorithms implementing the Sakoe constraints are only by a few
images apart. The error-rate of CTRW-S was not improved by the new methods. However,
the 2LDP with 20.00% and the C-TSDP with 20.95% are both close to the 18.10% achieved
by CTRW-S. Additionally, both methods are much more efficient.

7.8.2 CMU-PIE

The results on the CMU-PIE database are summarized in On this database, the
best results were achieved by the methods using the Sakoe constraints. Thereby, CTRW-
S stand out with a 3.43% error rate that is not reached by any other method. The second
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Table 7.10: Rotated-45 AR-Face: Overview of the results.

Method Error rate [%] \ Abs. errors | Runtime [s] ‘
No warping 90.48 190 3.2-1073
ZOW, W=32 20.00 42 7.78
P2DW-FOSE, A = 15 15.71 33 100.23
TSDP 13.30 28 24.47
C-TSDP-ALA, i; =1 20.95 44 38.72
2LDP-ALA, j* =J 20.00 42 72.57
CTRW-S, 21 iterations 18.10 38 706.73

best method is C-TSDP with 3.68% which is even slightly better than the error rate achieved
with TSDP. Other than on the Rotated-45 AR-Face database, ZOW is not competitive. Also
the P2DW-FOSE can not achieve the good error rates of the other methods. Next to TSDP
and CTRW-S also the novel algorithms outperform other state-of-the-art approaches such as
the hierarchical matching proposed in [[Arashloo & Kittler 09] and the 3D shape modeling
proposed in [Zhang & Gao™ 08]].
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Table 7.11: CMU-PIE: Overview of the results.

Method Frontal ER [%] | Profile ER [%)] | Total ER [%] | Abs. errors
No warping 86.76 40.44 63.60 519
Z0W 0.49 31.61 16.05 131
P2DW-FOSE, A =3 0.25 17.63 8.94 73
TSDP 0.25 7.35 3.80 31
C-TSDP, s =1 0.25 7.11 3.68 30
2LDP-LA, j* = J/2 0.25 9.07 4.66 38
CTRW-S 0.49 6.37 3.43 28
Hierarchical Matching 1.22 10.30 5.76 47
[[Arashloo & Kittler Q9]

3D shape modeling *0.00 *14.40 *6.55 *49
[Zhang & Gao™ 08§]]

*One near-profile pose is removed from the test set and added to the training set.
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Chapter 8
Conclusion

In this thesis two novel warping algorithms with the goal to maintain full two-dimensional
dependencies were introduced. The latter allows to apply geometric constraints such as the
Sakoe constraints. The first novel algorithm called Constrained Tree-Serial Dynamic Program-
ming (C-TSDP) is a modification of Tree-Serial Dynamic Programming (TSDP) that differs
from TSDP by maintaining full two-dimensional dependencies allowing the model to enforce
the Sakoe constraints. In this model, columns are warped sequentially using the fixed deci-
sions for the neighboring columns.

As second algorithm Two-Level Dynamic Programming (2LDP) was introduced. Also this
method maintains full two-dimensional dependencies and enforces the Sakoe constraints. In
contrast to C-TSDP, 2LLDP adds a global dynamic programming level to compute several can-
didate warpings for the columns. To overcome exponential complexity, the optimization is
done only over representatives. The 2LDP was extended by including a lookahead (2LDP-
LA) that influences the column alignments by estimating the costs of the rest of the warping.
This lookahead was refined by introducing the aligned lookahead (2LDP-ALA). While 2LDP-
LA uses a simple backward run of dynamic programming as lookahead, with 2LDP-ALA
scores of a previous top-down and bottom-up run are used to align the paths computed during
a backward run. The last extension was also applied to C-TSDP (C-TSDP-ALA). Additionally,
several modifications to 2LDP have been proposed that simplify the complexity of the algo-
rithm by reducing the number of candidates considered for each column warping or restrain
the possible warpings by applying a strip-restriction (2LDP-S).

For the evaluation two databases were used. A subset of the AR-Face database was modi-
fied by rotating the images by up to 45 degrees to raise the difficulty. As second database the
pose subset of the CMU-PIE database was used. The experiments on both databases showed
that the scores achieved by 2LDP are significantly improved by using the lookahead. Replac-
ing the lookahead by the aligned lookahead improves the score further. The same effect was
observed for C-TSDP, where the scores are improved by applying the aligned lookahead. Un-
fortunately, the better scores do not always lead to better error rates. While this is still the
case for the Rotated-45 AR-Face database, on the CMU-PIE database a different effect was
observed. Here, mostly the between-class warpings profit from the improved scores leading
to a deteriorated error rate.

The comparison of 2LDP with its modifications revealed that only with no lookahead the
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additional candidates considered by 2LDP lead to improved warpings. Otherwise, the column
alignments are strongly influenced by the lookahead increasing the similarity of the different
candidates. For the aligned lookahead already C-TSDP as baseline achieves similar results.
Also the conclusion regarding 2LDP-S is depending on the lookahead. While the 2LLDP error
rate is improved by the strip-restriction in case no lookahead is used, the positive effect is
lost when the lookahead is applied. For the former the restriction provides 2LDP with a weak
orientation for the warpings. However, the information provided by the lookahead is much
more helpful such that the strip-restriction is rendered obsolete.

Compared to the state-of-the-art warping methods such as TSDP, Pseudo Two-Dimensional
Warping with First-Order Strip Extension (P2DW-FOSE) and Sequential Tree-Reweighted
Message Passing (CTRW-S), the introduced algorithms are competitive, but the error rates are
not improved. Especially for CTRW-S, the only model that also computes the warping within
complete Sakoe constraints, the error rates are similar. On the Rotated-45 AR-Face database
the best result of 2LDP was an error rate of 20.00%, for C-TSDP the best result was an error
rate of 20.95%. This is close to the 18.10% error rate achieved by CTRW-S, however the
best result was obtained using TSDP leading to an error rate of 13.30%. On the CMU-PIE
database CTRW-S leads to the best error rate of 3.43%. Again, C-TSDP and 2LDP achieve a
similar result with error rates of 3.68% and 4.66% respectively.

As we have seen, with the best lookahead the optimization performed by 2LDP on the
global level leads only to small improvements. In order to justify the computational overhead
of 2LDP compared to its modifications, the variability of the candidates needs to be increased.
Judging by the strong impact of the lookahead on the results, further extensions might be
worth looking into. For instance, when the columns are aligned pixel by pixel, the lookahead
is considered only in the horizontal dimension. Here, an additional vertical lookahead could
be used.
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Appendix A

Appendix

A.1

Software

The novel methods introduced in have been implemented in C and integrated into
the W2D-Software. The latter is a software package that originated in [[Gollan 03] and serves
as general warping framework. The new parameters are as follows.

-M2LDP to select 2LDP as warping model.
—-MCTSDP to select C-TSDP as warping model.

—c 0 to set the representative / starting column to 0.
-1 1.0 to set the lookahead weight v = 1.0.

—q to enable the aligned lookahead.

Below are a few command-line examples to show how the new models can be used within
the software.

2LDP-ALA experiment for one pose on the CMU-PIE (cf. [Table 7.5]).
./W2D

usift-pose27-64x64-pca30-patchnorm.ff
usift-pose37-64x64-pca30-patchnorm.ff

-M2LDP -c32 -11.0 —-g -i -0Q2
-Dfeature:absrecbx5:1,penalty:pend:0.001 -k1.1

C-TSDP experiment for one pose on the CMU-PIE with the first column as starting

column (cf. [Table 7.3).

./W2D

usift-pose27-64x64-pca30-patchnorm.ff
usift-pose37-64x64-pca30-patchnorm.ff

-MCTSDP -cO -11.0 -i -Q2
-Dfeature:absrecbx5:1,penalty:pend:0.001 -k1.1
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