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Abstract

We recently discovered novel discriminative training cri-
teria following a principled approach. In this approach
training criteria are developed from error bounds on the
global error for pattern classification tasks that depend on
non-trivial loss functions. Automatic speech recognition
(ASR) is a prominent example for such a task depending
on the non-trivial Levenshtein loss. In this context, the
posterior-scaled Minimum Phoneme Error (MPE) train-
ing criterion, which is the state-of-the-art discriminative
training criterion in ASR, was shown to be an approxi-
mation to one of the novel criteria.

Here, we describe the implementation of the
posterior-scaled MPE criterion in a transducer-based
framework, and compare this criterion to other discrim-
inative training criteria on an ASR task. This compari-
son indicates that the posterior-scaled MPE criterion per-
forms better than other discriminative criteria including
MPE.
Index Terms: error bounds, discriminative training cri-
teria, margin, MPE

1. Introduction
In ASR, discriminative training criteria [1, 2, 3] like Max-
imum Mutual Information (MMI), Minimum Classifica-
tion Error (MCE) and MPE are commonly used to en-
hance the performance of the maximum-likelihood (ML)
trained Gaussian mixture models (GMM). In statistical
pattern recognition, a model-based posteriorpΛ(c|x) is
learned with parametersΛ from the training samples
(xn, cn)

N

n=1 (i.e. classcn ∈ C is measured for obser-
vationxn ∈ X ⊆ RD).

In [4] we derived novel discriminative training crite-
ria from error bounds on the mismatch between the global
error of the model-based decision rule and the Bayes er-
ror for non-trivial loss functions — the Weighted MMI
(WMMI)

F (WMMI) (Λ) = −
1

N

N∑

n=1

∑

c∈C

A(cn, c) log pΛ(c|xn) (1)

and the Weighted Squared Error criterion (WSE), involv-
ing accuracyA : C × C → R. At the same time, the

posterior-scaled MPE criterion (κ-MPE)

F (κ-MPE) (Λ) =
1

N

N∑

n=1

∑

c∈C

A(cn, c)pΛ(c|xn)
κ

was derived as an approximation to the WMMI criterion.
This links the MPE criterion to error bounds for the first
time, since forκ = 1.0 this is identical to the MPE cri-
terion. A more detailed description of the error bound
derivation and the relation between the WMMI andκ-
MPE criteria will be given in Section 3.

For mathematical reasons, the considered non-trivial
loss functionsL : C ×C → R are assumed to be defined
by accuraciesA : C×C → R that fulfill the requirements
(with length value|d|):

L(d, c) = |d| − A(d, c)

∀c, d : A(d, c) ≥ 0 (2)

∀c : A(c, c) ≥ 1 (3)

In this work, the implementation of theκ-MPE crite-
rion in a transducer-based framework via a modification
of the Eisner semiring [5] is discussed. Furthermore, ex-
periments are performed on an ASR task, comparing the
MMI and the novel WMMI, WSE andκ-MPE discrimi-
native training criteria.

2. Bayes Decision Theory
In this section, the foundations of Bayes decision the-
ory will be summarized briefly. Bayes decision theory
involving loss functionL provides an optimal choice
among all decision rulesr : X → C: By minimizing
the local error

EL(c|x) =
∑

k∈C

pr(k|x)L(k, c)

in the Bayes decision rule

cL(x) = argmin
c∈C

{EL(c|x)} (4)

the global error

EL(r) =

∫
pr(x)EL(r(x)|x) dx (5)



is minimized, given the joint true distributionpr(x, c) of
observations and classes. The minimum errorEL(cL)
is called the Bayes error. The terminology ”true” sym-
bolizes the distribution of observations and classes in na-
ture, which is unknown in real-world applications. In [8]
the Bayes decision rule optimization problem for non-
trivial loss functions is shown to be NP-complete, there-
fore computationally expensive. In practice the efficient
computable0-1-loss model-based Bayes decision rule is
used instead, which from now on will be referred to as
the model-based decision rule:

cΛ0-1(x) = argmax
c∈C

{pΛ(c|x)}

The next section gives a short overview of the deriva-
tion of the novel training criteria from error bounds.

3. On Error Bounds and Discriminative
Training Criteria

In this section, the recent findings in [4] are summarized
to give a better understanding of the derivation of the
novel training criteria.

3.1. Error Bounds

In [4] upper boundsF (Λ) are established on the mis-
match

∆2
L :=

[
EL(c

Λ
0-1)− EL(cL)

]2
≤ F (Λ) (6)

between the global error of the model-based Bayes de-
cision rule and the Bayes error. In order to reduce this
mismatch, the parameters are chosen to minimizeF (Λ):

Λ̂ = argmin
Λ

{F (Λ)} (7)

Based on the definition of the local reward

RA(c|x) =
∑

k∈C

pr(k|x)A(k, c)

the Bayes decision rule can be reformulated by:

cA(x) := argmax
c∈C

{RA(c|x)} (8)

Analogous, the true reward posterior,

qr(c|x) =
RA(c|x)∑

k∈C

RA(k|x)

which is well-defined since the accuracy is assumed to
be positive (2), is used to formulate the0-1-loss Bayes
decision rule based on the true reward posteriorqr(c|x):

cqr0-1(x) := argmax
c∈C

{qr(c|x)} (9)

On basis of these definitions, we have shown in [4] that
decision rule (9), based on the true reward posterior, is
equivalent to the Bayes decision rule (4):

cL(x) = cA(x)

= argmax
c∈C

{qr(c|x)}

= cqr0-1(x)

This identity suggests that the local and global error
based on the true reward posteriorqr(c|x)

Eqr
0-1(c|x) = (1− qr(c|x))

Eqr
0-1(r) =

∫
pr(x)Eqr

0-1(r(x)|x) dx

can be considered instead of the global error in (5) based
onpr(c|x). This also yields the0-1-loss based mismatch
(6) based onqr(c|x):

[∆qr
0-1]

2
:=

[
Eqr

0-1(c
Λ
0-1)− Eqr

0-1(c
qr
0-1)

]2
(10)

Furthermore, for upper boundsG (Λ) ≥ [∆qr
0-1]

2 the fol-
lowing relationship is deduced in [4]

∆4
L ≤ α2 [∆qr

0-1]
2
≤ α2G(Λ)

with Z(x) :=
∑

k∈C RA(k|x) and α :=∫
pr(x)Z2(x) dx. Similar to the findings in [6] for

pr(c|x), the Kullback-Leibler bound is such an upper
bound,

[∆qr
0-1]

2
≤ −2

∫
pr(x)

∑

c∈C

qr(c|x) log
pΛ(c|x)

qr(c|x)
dx (11)

which is derived for the true reward posteriorqr(c|x) in-
stead ofpr(c|x) in this case.

In the next section, the derivation of the WMMI cri-
terion from the Kullback-Leibler bound will be described
briefly.

3.2. Empirical Training Criteria

Training criteria are obtained from bound (11) in a few
further steps. These derivations can only be described
briefly here, but are covered in all detail in [4]. First,
bound (11) is simplified by dropping all terms indepen-
dent toΛ in optimization (7). Second, the derived simpli-
fied bound is widened by substituting the denominator of
qr(c|x) with a lower bound. Third, the true distribution
is replaced by the empirical distribution on the training
samples using the discrete Kronecker delta and the con-
tinuous valued Dirac delta. Finally, the WMMI criterion
(1) is derived using the sifting property [9] of the Dirac
delta and by dropping all terms independent toΛ in the
optimization (7).

Similarly to the derivation of WMMI criterion, the
WSE criterion

F (WSE)(Λ) =

1

N

N∑

n=1

∑

c∈C

A(cn, c)
∑

k∈C

[pΛ(k|xn)− δ(k, c)]
2



was derived in [4] from bounds on the mismatch (10).
The WMMI and WSE criteria have some sound prop-

erties: Both criteria (as well as the corresponding error
bounds) result in the MMI and squared error criteria (as
well as the Kullback-Leibler and squared error bounds
[6, pp.641]) forA(c, d) = δ(c, d) and therefore, they
are generalizations to non-trivial loss functions. In case
of infinite training data, the WMMI and WSE criteria
minimize the global error based on the related loss func-
tion. Like in [3, 7], modified criteria can be derived from
the WMMI, WSE andκ-MPE criteria by augmenting the
joint distribution with a margin term. Furthermore, this
connection induces an interpretation as smooth approx-
imation to support vector machine loss functions. The
κ-MPE criterion can be derived from the WMMI cri-
terion using the power approximation of the logarithm
log u = lim

κ→0
(uκ − 1) /κ.

The next section describes the implementation of the
WMMI and κ-MPE criteria in a transducer-based frame-
work.

4. Application to ASR
For the purpose of ASR, the classesc correspond to
word sequenceswN

1 = (wn)
N
n=1. In addition, Hidden

Markov Model (HMM) state sequencessT1 = (st)
T
t=1

and featuresxT
1 = (xt)

T

t=1 are used. The margin ac-
curacy should scale with the length of the utterance but
at the same time the requirements of positiveness (2) and
boundedness (3) have to be met. We choose the frame-
wise phone accuracy [10] to fulfill all requirements. The
model-based posterior involving HMMs and the margin
term is formulated by

pΛ,γρ(w
N
1 |xT

1 ) =

∑

sT
1
:wN

1

[
pΛ(x

T
1 , s

T
1 , w

N
1 ) exp

(
ρA

(
wN

1 , wN
1

))]γ

ZΛ,γρ

(
xT
1

)

with the posterior renormalizationZΛ,γρ

(
xT
1

)
. Given the

vector representation of feature functionsf(xT
1 , s

T
1 ) and

parameter setΛ = {λ}, the choicepΛ(xT
1 , s

T
1 , w

N
1 ) =

p(wN
1 ) exp

(
λT f(xT

1 , s
T
1 )

)
results in a log-linear poste-

rior model. In order to avoid overfitting, anℓ2 regular-
ization is used, centered around the generative maximum
likelihood Gaussian mixture model. Only first order fea-
turesft,s,d(xT

1 , s
T
1 ) = δ(s, st)xt,d are used in combi-

nation with zeroth order features defined similarly. The
training criteria are optimized using the gradient-based
procedure using RPROP in a transducer-based frame-
work.

4.1. Transducer-Based Framework Implementation

In this section, the efficient calculation of the gradient of
theκ-MPE criterion is discussed by extending the Eisner
expectation semiring [5]. All criteria have been imple-
mented in the transducer-based framework of [3, 7].

We start with an extension of the expectation semiring
which then is used to calculate the gradient of theκ-MPE
and WMMI criterion.
κ-scaled expectation semiring. The κ-scaled expec-
tation semiring is a multiplex semiring with weights
(p, v) ∈ R

+ × R, and

• (p1, v1)⊕ (p2, v2) = (p1 + p2, v1 + v2)

• (p1, v1)⊗ (p2, v2) = (p1p2, p
κ
1v2 + v1p

κ
2 )

• 1 = (1, 0), 0 = (0, 0)

In addition, the inverse is defined to beinv (p, v) =(
p−1,−vp−2κ

)
. In terms of notations and definitions,

we stick to [7]. In particular, the expectation transducer
is denoted byEP [Z] w.r.t. random variableZ and the
probabilistic transducerP. The expectation can be calcu-
lated by forward potentialsαq and backward potentials
βq at the stateq (hereq0 denotes the initial state).
Gradient of the objective function. Let P be the word
lattice with the joint probabilitiespΛ

(
xT
1 , s

T
1 , w

N
1

)
. This

is an acyclic transducer with probability semiring. The
transducerA is the accuracy transducer corresponding to
P, having the same topology but different weights. De-
fine transducerZ with theκ-scaled expectation semiring
and assign the weightswZ [a] = (wP [a] , wκ

P [a]wA [a])
to the arcs. Then, the gradient of theκ-MPE criterion can
be calculated by:

∇F (κ-MPE) (Λ) =
∑

e∈P

w∇ logP [e]

·

(
wEP [Z] [e] [v]

βκ
q0
[p]

−
wEP [Z] [e] [p]βq0 [v]

β1+κ
q0 [p]

)

Furthermore, the choiceκ = 0 results in the gradient of
the WMMI criterion.

In the next section, the experimental results are dis-
cussed.

5. Experimental Results
The modified criteria are tested on the TIMIT phone
recognition task. The corpus statistics are presented in
Table 1.

Table 1:Corpus statistics.
task corpus data [h] #run. words frames

TIMIT Train 3.14 30 k 1 M
Test 0.16 1,5 k 100 k

The acoustic front-end is comprised of 16 Mel-
Frequency Cepstral Coefficient (MFCC) features. Fea-
ture vectors from nine consecutive frames are concate-
nated and a Linear Discriminant Analysis (LDA) is used
to reduce the dimension to 33.

The word-conditioned lattices for discriminative
training were generated with the baseline Gaussian Mix-
ture Model (GMM) system using a unigram language



model, acting as a weak margin. The language model
scaleγ during training was tuned on a hold-out set and
kept fixed during training. The log-linear models were
initialized with the ML model and trained with a gradient
descent method using the RPROP algorithm. The regu-
larization and margin were chosen to the point where the
word error rate (WER) started to increase rapidly.

The GHMM baseline recognition system for TIMIT
uses 114 monophone states plus one silence state,
phoneme folding [11] is used. The emission probabilities
are modeled by GMM with a total of about 20 k densities,
all sharing a single diagonal covariance matrix. A trigram
phoneme language model was used for recognition.

Table 2:WER[%] results for the ML and modified crite-
ria on theTIMIT test set.

criterion
ML MMI MPE WSE WMMI 0.6-MPE

32.0 30.6 30.6 31.2 31.7 30.1
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Figure 1: WER progress of theκ-MPE criterion for dif-
ferentκ values on the TIMIT test set.

Briefly, the experimental results in Table 2 indicate
that the novel modified training criteria WMMI and WSE
give some improvement but perform worse than the mod-
ified MMI and MPE criteria on TIMIT, which show a rel-
ative improvement of 5%. At the same time, the modified
0.6-MPE criterion performs even better than the modified
MPE criterion with a relative improvement of 6%. These
results could be expected since MPE is identical to the
1.0-MPE criterion, which is a numerical stable approxi-
mation of the WMMI criterion. This is also confirmed by
the WER progress of theκ-MPE criteria in Figure 1: The
0.6-MPE and 0.8-MPE criteria perform noticeable bet-
ter than MPE. However, the 0.4-MPE criterion performs
worse, probably becauseκ = 0.4 is closer to the numeri-
cal more unstable WMMI criterion withκ = 0.

The next section concludes the paper.

6. Conclusion
We introduced novel error bounds on the global error mis-
match. These bounds yield novel discriminative training
criteria based on non-trivial loss functions, like the Lev-
enshtein distance in the case of ASR. In addition, the
posterior-scaled MPE criterion, which is an approxima-
tion to one of the proposed criteria, was presented. This
connection to global error bounds gives a better theoret-
ical justification for the good performance of the MPE
criterion for the first time.

To investigate the performance of the posterior-scaled
MPE criterion, the corresponding implementation was
discussed in a transducer-based framework via a small
modification of the Eisner expectation semiring. Exper-
iments were performed comparing the posterior-scaled
MPE criterion to other discriminative training criteria on
an ASR task. Theoretical results were confirmed and they
show that the posterior-scaled MPE criterion performs
better than the state-of-the-art MPE criterion.
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MMI/MPE: A Direct Evaluation of the Margin in Speech Recog-
nition”, ICML, pp. 384-391, Helsinki, Finland, July, 2008.

[8] M. Nussbaum-Thom, S. Wiesler, G. Heigold, R. Schlüter, H. Ney,
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