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Abstract plementation of such algorithms, e.g. usage of hierarthica
confidence refinement [4] or models for representing large
Invariance is an important aspect in image object recog- subsets of the prototypes [5]. An approach motivated by
nition. We present results obtained with an extended tangen deformable models, which is related to the invariance ap-
distance incorporated in a kernel density based Bayesianproaches covered in this paper, was proposed in [6] and
classifier to compensate for affine image variations. An im- tested on a face database. In comparison to TD and IDM
age distortion model for local variations is introduced and it uses different assumptions about the allowed transferma
its relationship to tangent distance is considered. The pro tions and their cost.
posed classification algorithms are evaluated on databases
of different domains. An excellent result of 2.2% error rate 2. Overview of tangent distance

on the original USPS handwritten digits recognition task is . . .
g 9 9 In 1993, SMARD et al. proposed an invariant distance

ined. f radi hs f il i ) i
obtained. On a database of radiographs from daily routine, measure calletangent distancewhich proved to be espe-

?heest)z%;%;segrgigttgg;gﬁ ?nbg d(;cl)mblnlng tangent distance andmally effective in the domain of OCR [1]. The authors ob-

served that reasonably small transformations of certain im
_ age objects does not affect class membership. Simple dis-
1. Introduction tance measures like the Euclidean distance do not account

i ) . , ) for this, instead they are very sensitive to affine transterm
Invariance with respect to certain transformations is of yjong jike scaling, translation, rotation or axis deforioat

great interest to pattern recognition, e.g. in many caseS\yhen an image: € IR'*” is transformed (e.g. scaled and
affine transformations do not affect the class membership Ofrotated) by a transformatiot{z, @) which depends ol
)

image object data. IBARD et al. [1] introduced an effec- parameters: € IR” (e.g. the scaling factor and rotation
tive means to compensate for small affine transformationsang|e), the set of all transformed patterns

in distance based classifiers called tangent distance (TD), I Ixd

which led to very good results in optical character recogni- M, = {t(z,a) :a € R"} CR (1)

tion (OCR). In this paper we present results of experiments;g 5 manifold of at most dimensiahin pattern space. The

with this distance in a kernel density (KD) based classifier, gistance between two patterns can now be defined as the

proposing the usage of virtual test data in addition to Vir- minimum distance between their respective manifolds, be-
tual training data. On the original United States Postal Ser ing truly invariant with respect to th& regarded trans-

vice (USPS) OCR-database we obtain an error rate of 2.2%¢4 mations. Unfortunately, computation of this distanse i
Furthermore, we propose a simple but effective image dis-5 hard non-linear optimization problem and the manifolds
tortion model (IDM) and relate it to tangent distance. The oncerned generally do not have an analytic expression.
IDM considerably increased performance of the ClaSSiﬁerTherefore, small transformations of the patterre ap-

with and without tangent distance on a database of medi'proximated by a tangent subspdt?[% to the manifoldiZ,

cal i_mages containing 1617 radiographs coming from daily 4 the pointz. This subspace is obtained by adding:ta

routine. o - linear combination of the vectofg(z),l = 1,..., L that
Many approaches to invariant pattern recognition are gnan the tangent subspace and are the partial derivatives of

known [2] and TD has been used in a variety of settings, in- #(z, @) with respect tay,. We obtain a first-order approxi-

cluding neural networks and memory based techniques likeyation of M,

(k-) nearest neighbor algorithms (k-NN) [3], while in our L
experiments KD based classifiers obtained better results. A ;7 _ {z+ Zal Ty(z) :a € RF} C R (2)
number of solutions have been proposed for efficient im- ¢ Py '



The single-sided (SS) TDr(z, 1) is defined as 4. Relating TD and | DM

L It is interesting to see that the positive effects of TD and
Dro(, p) = min{{|z + Y ar-Ti(z)—pll}  (3) DM are additive in some cases (see section 6). Trying to
=1 relate these two approaches it becomes clear, that one can
The tangent vectorE (z) can be computed using finite dif- be expressed in terms of the other. Expressing the IDM
ferences between the original imageand a reasonably in terms of TD is difficult, when a non-zero cost function
small transformation of [1]. Example images that were is involved (it requires additional restrictions on theues
computed using (2) are shown in Fig. 1 (with the origi- permitted fora). On the other hand generalizing the IDM
nal image on the left). A double-sided (DS) TD can also leads to an expression also covering TD:
be defined, where both manifolds are approximated and the :
distance is minimized over possible congkr))inations ofthere- Do) = ?’él.;‘l{C(f) + Z lzsj = rsaplly )
spective parameters. It is possible to achieve a better ap- "

IXJ ; P
proximation of the manifolds using an iterative procedure Wher:ef CI .(t]R.X!R) | ,lséi class of funcgzsﬁss'%ggg to
based on Newton’s method, which is computationally more €ach pixetits (interpolated) counterpart v — -

: a cost function for these assignment functions. For the IDM
expensive.

one has
3. Theimage distortion model Fou={f: f(i,§) € Rij}, Cou(f) =Y_ Cijsiyy (6)

2,

Although TD already compensates for small global while for TD C'andF have the following representation:
changes, it is highly sensitive to local image transforma- Fo=1{f : faffine}, Cw(f)=0 )
tions. We therefore propose the following image distortion
model. When calculating the distance between two imagesThis general expression is an intuitive representation of a
x andyu local deformations are allowed, i.e. the ‘bestfitting’  distance being invariant to arbitrary functiofisof some
pixel in the reference image within a certain neighborhood class’F. Computing (5) may be very hard or impossible
R;; is regarded instead of computing the squared error be-with some classes and cost functions, but TD and IDM are
tweenz;; andu;;. Fig. 2 shows a 1D example for the IDM  two examples with known solutions. (Strictly speaking (7)
(left) where individual pixel displacements are indepertde  models the true manifold distance.) Some questions aris-
in comparison to TD (right), where displacements are cou-ing are e.g. which other cases are interesting in the set-
pled forming an affine transformation (here scaling). The ting of invariant pattern recognition and if one can learn

resulting distance is the functions efficiently from training examples. For in-
) stance a model that extends the IDM naturally is to intro-
Diou(z, 1) = omin A|lzi; — pagell + Cigirr b (4) duce a dependency between the displacements of pixels in

— (i',4')ER;; . . : :
Y ! a neighborhood, such that displacements in the same direc-

The cost functiorC' > 0 represents the cost for deforming tion are cheaper than displacements in opposite directions

a pixel z;; in the input image to a pixek; ; in the ref- This leads to more complex minimization problems, which
erence image and is introduced to compensate for the factmay be still efficiently solved using dynamic programming,
that in an unrestricted distortion model (i.e. with = 0) if the number of possible displacements is small. Note that

wanted as well as unwanted transformations can be mod-t is difficult to embed the XYI image warping approach [6]
eled. With growing neighborhoo&t the admissible trans-  into the model (5) as the implicit XY| cost function depends
formations may violate the assumption that they respecton the intensity values.

class-membership, but an appropriate choic& déads to

a significant improvement of radiograph classification even 5. Algorithms

when the cost function is disregarded. To determine the cost

functionC', one may want to learn it from the training data
or choose it empirically, e.g. by using a weighted Euclidean
distance between the corresponding pixel locations. This
leads to a preference of local over long-range transforma-L_ LT &3 T T T Ix [T T B T T JX
tions.
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Figure 1. Examples for tangent approximation Figure 2. 1D comparison of IDM and TD

We incorporated TD into a KD based classifier with
Bayesian decision rule




r(z) = argmax{p(clz)} = argmax{p(c)p(z|c)}  (8) .

That is we maximize the a posteriori probability for class el
¢ given an image: where the class conditional probability '
p(z|c) is modeled by

= v‘ ‘W’
‘ l‘ \1
Figure 4. Example images, IRMA database

LNy y ) individual results using the sum rule. An in depth discus-
p(zle) = — Z — exp <_ (z, Tne) ) Q) sion of this method can be found in [8].

Ne £~ A, o As few large differences in pixel values can mislead clas-
with N, being the number of training images of class,,.  Sifiers based on squared error distances (see e.g. [9)]), it
then-th reference pattern of classclass specific standard can be advisable to introduce a local threshold which limits
deviationo-c2 p00|ed over all pixe|s and(l-, xnc) being one the maximum contribution of a Single pixel to the distance
of the proposed distance measures. To compensate for thBetween two images. This is justified by a priori domain
fact that variances are usually underestimated, we multi-knowledge, e.g. when it is known that the patterns may be
ply the estimated variances with a factdr> 1. Strictly subject to artifacts that do not affect class-membersikip, |
speaking, the normalization factdr, depends on the class Noise or changing scribor position in radiographs. On the
¢, however, the dependency is weak and therefore neglecte@ther hand when looking at relatively small images of dig-
in the experiments. Setting the a priori probability to its its, one notices that e.g. changing only a few pixels can be
maximum likelihood valug(c) = NW the decision rule be-  significant for discriminating between the handwritten-dig
comes its ‘4" and '9’. Here it can be useful to enlarge the contribu-

N, p ) tion of a single pixel difference generalizing the used norm
r(z) = argmax{z exp <_7($’2$"C) ) } (10) to|z|l, = (32, ; 174;|7)7 and investigating alsg > 2.

c o - B The extension of TD with an iterative Newton-type ap-
Because of the exponential decay only the closest refer-proximation was proposed in [1] and successfully used for
ence patterns,. have a significant contribution to the sum. face-recognition [9]. In our experiments we used a similar
The experiments show that using more than the ten closesalgorithm inspired by the Euler-Cauchy method used in the
matches does usually not change classification result® Not context of differential equations. In contrast to the Newto
that this can be interpreted as a probabilistic justificatay procedure it does not require the calculation of the actual
the use of k-NN based classifiers. transformation but uses the tangent approximation instead

In order to obtain a better approximation gffz|c) the It consists of iteratively calculating the closest pointfie

domain knowledge about invariance can be used to enrichtangent subspace, “moving” into the corresponding direc-
the training set with shifted copies of the given traininggda  tion and recalculating the tangents until convergence.
In the experiments displacements of one pixel in eight di-
rections were used. Although the tangent distance shouldd. Experimental results

already compensate for shifts of that amount, this approach , ,
still leads to improvements. This is due to the fact that N Our experiments we used three different databases.

the two approaches model invariance differently (compare VW& Performed a number of experiments on the widely used
Fig. 3). As it is possible to use the knowledge about invari- USPS datgbase of handwr!tten digits with 7291 training anq
ance for the training data by applying both tangent distance2007 test images and validated the results on the (modi-
and explicit shift, this should be the case for the test data a fied) database of the National Institute of Standards and
well. Inspired by methods for combining classifiers [7] one Technology (MNIST) with 60,000 resp. 10,000 images.
can arrive at the following solution called virtual test sam For comparison of p_erformance n a d_lfferent domain we
ple method (VTS). When classifying a given image, shifted 2SO tested the algorithms on medical image data from the
versions of the image are generated and independently clas RMA project (Image Retrieval in Medical Applications

sified. The overall result is then obtained by combining the [10]), where the objective is to assign a given radiograph to
one of the six classes abdomen, breast, chest, limbs, skull,

spine (see Fig. 4). The images were scaled to a common
size 0f32 x 32 for classification without significant decrease
in recognition rate. Because there were only 1617 images
available, we adopted a leaving-one-out approach for cross
validation, classifying each image while using the remain-
ing 1616 as training set. After parameter adjustment the
classifier was evaluated on a new set of 332 additional ra-
diographs.

Figure 3. Tangents of shifted data in 2D Table 1 summarizes the main results of experiments with

n=1




5&? d b L 1 r‘f ﬂ,’l j g 8 é ? with about 2,400 machine printed digits. Note that in con-

trast to this approach we increase the effective size of the

l U-D a l‘ ;5 s ¢~ 5 :]. ﬁ_ "f "f 5 training set but do not actually take new data. Considering

that all optimizations were done on USPS, the MNIST error
Af ﬁ’ Qﬂi :l 1‘ :1 4 4 E‘? ’j E 3 rate of 1.0% is surprisingly low, which shows that the ap-
4 4 & 3 3 F 4 1 1 1 98 4 5 2 & proach generalizes well and the parameters were not over-
fitted. Since we did not repeat all experiments for MNIST,
bagging was not applied.

the USPS database (the notation ‘a-b’ indicates increased TD is usually applied using the seven transformations
number of training samples by factor a and increased num- proposed in [1] (translations (2), scaling, rotation, axis
ber of test samples by factor b). Regardless of the Chosergeformanons_ ), ar_1d _I|ne th|ckne§s) where the first §+x ac
distance measure multiplying training and test data con—cot"t]t for a{fln_e \I/aglanons.. V\i_e trlted afnumk)tgr of (;I;;‘ferr]-
sistently improved classification results. The experiment ent tangents Inc ud Ig?f projective ransfork:na ;}ans, '9
showed that it is advisable to compute the tangents for the€SS, contrast and di ereqt versions of the thickness t.an-
test data when computing the SSTD (1-NN performance: gent, but were not able to improve the results of the orig-
3.4% vs. 3.8% for training data tangents). We chose 1-NN inal tangents with USPS. On the other hand in a domain
here as according to [3f = 1 was the best choice for like medical imaging, the thickness tangent loses its a pri-
k-NN on USPS. Furthermore the proposed EuIer-CauchyOri pature and can be replaged by‘a prightnes; tangent (here
method did not improve the overall results on this d::itabase.de‘c'r(;ed asa conste.\nt fupctloq_r?\(e_;])),ﬂmodzll_ng ﬂ'ﬁer_

It produced less errors on the data misclassified by 1-NN, nt doses in x-ray imaging IS Is reflected in the corre-
but more on the remaining data. This is due to the fact, tha,[spondmg recognition rates and shows that the selection of

it allows larger variations in the alignment of patternsthbo tafn(?_?fnts '? (;j_o:nam dependentf Tiﬁlelzlagogsttge results
towards correct and incorrect reference images. Fig. 6 visu ot difierent distance measures for the atabase us-

alizes this effect showing the tolerance of the differest di Ing a regionZz of size 1.6 x 1.6 pixels, ‘brightness’ indi-
tance measures with respect to a horizontal d|splacementCatlng that the tangent for line-thickness was replaced by

One image from each class was randomly selected and théhe brightness tangent (for computational reasons we used

distances to one displaced image were calculated. Multiply SSTD for these experiments). Note that we were not able

0,
ing the training data with tangent approximations or thohne to ot_)taln error rates lower than 29% using cooccurrence
versions of the images did not achieve lower error rates,matr'x based features [12]. The results show, that in this

while the usage of different nornj- ||, enhanced results domain thresholding is appropriz_ate and thg improvements
for the basic KD classifier, but not for the best. The variety ?f TD and IEE]M are nearrll_y adddglve. bComt:ma_ltlonEof er
of resulting classifiers invited the usage of classifier com- WO approaches was achieved here by replacing Eucidean
bination [7], and the best result could thus be improved to distance with d|_stort|on distance (4) m_the last step of dis
2.2% errorrate. Fig. 5 shows the remaining errors with their tzligce gomﬁutatlﬁn vr\]/heg :ge'vlogtlmwns already knlownf
class labels. Some of the errors appear to be label mistakeé ] fn tOeC;t er anh i oez not |mp:]ove classili-
some are hard tasks even for a human, and some shapes c?(?t'on or (.. when a line distinguishing one nu-

not appear in the training data, as is the case with the threemeraltfrom thetﬁth?r is only ?r]{elor two pt';](eli’Dtr’\]/'ICk 'L 'Sh
consecutive ‘1's in the lower row, which were classified as era]\sy oherzse € dme C%mp N efyr:JsL;lg € ), whic
‘“7's. Errors like the first image illustrate the limitation$ ows the domain-dependency of the distance measures in-

distance based classifiers (there exists a training image Oyolved. Using the aspect ratio of the radiographs as addi-
class five which is almost identical). tional feature, the error rate dropped further from 10.3%

For comparison we repeated the experiment which ob- :
tained the best result on USPS on the MNIST database. Ta- Table 2. Comparison of results for OCR

Figure 5. USPS errors (best result, 2.2% error)

ble 2 shows the results in comparison to those obtained by | Method Error Rate [%)]

other groups. The asterisk indicates that the correspgndin USPS| MNIST
experiments were performed using a training set extended | Human Performance[1,3] | 2.5] 0.2]

Neural Net (LeNetl/LeNet4) [3] 4.2 11

Table 1. Results for USPS Support Vectors [11] 3.0 0.8

Distance Measuré Error Rate [%)] Tangent Distance [3] 2.5 11

I-NN [ KD [ KD,9-1 [ KD,9-9 Boosting [3] 2.6 0.7

Euclidean 56| 55 45 4.2 Thiswork TD, KD, 9/9 2.4 1.0

TD, SS 34| 33 3.0 2.8 TD, bagging 2.2 -
TD, DS 3.3 3.0 2.5 2.4 | *obtained with extended training set |




"Euclidean” ——

"Tangent” —— “Euler-Cauchy” ——

0

0

'Fig'ure 6. Behaviour of different distance measures with respect to irﬁagé shifts on USPS database

Table 3. Results for IRMA database

Distance Measure Error Rate [%]

1-NN [ KD [ KD, threshold
Euclidean 18.0| 16.4 14.2
TD 15.3] 14.8 13.4
IDM 16.5| 14.7 13.2
TD, IDM 14.7 | 13.2 11.7
TD (brightness), IDM| 13.5| 12.9 10.3

to 8.2%. This could be improved marginally by using the
Euler-Cauchy distance measure not justifying the addilion
amount of computation involved. Using the best parameters
for the database determined by the leaving-one-out strateg
the algorithm misclassified 30 out of 332 (9.0%) new radio-
graphs (with the training set now consisting of 1617 images)
which means that an adequate generalization was achieved.

7. Conclusion

In this paper we presented a kernel density based
Bayesian classifier for image object recognition. We used

(3]

(4]

(5]

(6]

(7]

tangent distance to achieve tolerance with respect to affine (g

transformations and proposed a distance measure tolgratin
small local variations called image distortion model. We
related the two approaches and performed experiments on

databases of differentdomains. Creating virtual traiming

test samples from the given data sets we obtained an excel-
lent result of 2.2% error rate on the original USPS database.

On a large database of radiographs both tangent distance
and distortion model performed well and best results were
obtained combining both approaches. Future work includes
investigation of suitable transformations and cost fuordi

for the generalized image distortion model (see section 4).
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